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Abstract
In this paper we compute explicitly the norm of the vector-valued holomorphic
discrete series representations, when its K-type is “almost multiplicity-free”. As an
application, we discuss the properties of highest weight modules, such as unitarizabil-
ity, reducibility and composition series.
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1 Introduction
The purpose of this paper is to compute explicitly the norm of the vector-valued holo-
morphic discrete series representations, and to study the properties of the highest weight
modules, such as unitarizabily, reducibility and composition series.
Let G be a simple Lie group, such that its maximal compact subgroup K has a non-
discrete center. Then it is known that there exist a linear subspace p+ ⊂ gC and a bounded
domain D ⊂ p+ such that the symmetric space G/K is diffeomorphic to D. Therefore
G/K becomes a complex manifold. Let (τ, V ) be a finite-dimensional holomorphic rep-
resentation of KC, and χ−λ be a suitable character of the universal covering group K˜C.
Then we can consider the representation of the universal covering group G˜ on the space
of holomorphic sections of the equivariant vector bundle on G/K with fiber V ⊗ χ−λ,
G˜y ΓO(G/K, G˜ ×K˜ (V ⊗ χ−λ)).
Since D ≃ G/K is contractible, this space is isomorphic to the space of V -valued holo-
morphic functions on D,
ΓO(G/K, G˜ ×K˜ (V ⊗ χ−λ)) ≃ O(D,V ).
Then the infinitesimal action of the Lie subalgebra p+ ⊂ gC on O(D,V ) is given by 1st
order differential operators with constant coefficients, and thus it annihilates constant
functions in O(D,V ). Such representations are called the highest weight representations.
Also, if λ ∈ R is sufficiently large, then this representation preserves an inner product
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which is given by an explicit integral onD. Such representations are called the holomorphic
discrete series representations.
For example, let G := Sp(r,R), realized explicitly as
Sp(r,R) =
{
g ∈ GL(2r,C) : g
(
0 Ir
−Ir 0
)
tg =
(
0 Ir
−Ir 0
)
, g
(
0 Ir
Ir 0
)
=
(
0 Ir
Ir 0
)
g¯
}
.
Then G/K = Sp(r,R)/U(r) is diffeomorphic to
D := {w ∈ Sym(r,C) : Ir − ww∗ is positive definite.}.
Let (τ, V ) be a representation of KC = GL(r,C). Then the universal covering group
G˜ = S˜p(r,R) acts on O(D,V ) by
τλ
((
a b
c d
)−1)
f(w) = det(cw + d)−λτ
(
t(cw + d)
)
f
(
(aw + b)(cw + d)−1
)
.
We note that det(cw+ d)−λ is not well-defined as a function on G×D, but is well-defined
as a function on the universal covering space G˜×D. If Reλ is sufficiently large, then this
preserves the sesquilinear form
〈f, h〉λ,τ := cλ
πr(r+1)/2
∫
D
(
τ((I − ww∗)−1)f(w), h(w))
τ
det(I − ww∗)λ−(r+1)dw,
that is, 〈τλ(g)f, τλ¯(g)h〉λ,τ = 〈f, h〉λ,τ holds for any f, h ∈ O(D,V ) with finite norms, and
for any g ∈ G˜. Therefore τλ gives a holomorphic discrete series representation of G˜ if
λ ∈ R and the above norm converges for some nonzero function in O(D,V ). In this case
the corresponding Hilbert space Hλ(D,V ) ⊂ O(D,V ) has the reproducing kernel
Kλ,τ (z, w) := det(Ir − zw∗)−λτ(Ir − zw∗) ∈ O(D ×D,End(V )),
if we choose the normalizing constant cλ suitably. When r = 1, then we have G = SU(1, 1)
and D = {w ∈ C : |w| < 1}, and the action τλ of S˜U(1, 1) on O(D) reduces to the simplest
example
τλ
((
a b
c d
)−1)
f(w) = (cw + d)−λf
(
aw + b
cw + d
)
,
with the invariant inner product and the reproducing kernel
〈f, h〉λ = λ− 1
π
∫
|w|<1
f(w)h(w)(I − |w|2)λ−2dw, (1.1)
Kλ(z, w) = (1− zw¯)−λ ∈ O(D ×D). (1.2)
We return to the general case. The question of when the highest weight representations
are unitarizable is studied by e.g. Berezin [2], Clerc [3], Vergne-Rossi [27], and Wallach
[28], and completely classified by Enright-Howe-Wallach [4] and Jakobsen [13] by different
methods. In [4] and [13] they used purely algebraic methods.
On the other hand, the analytical proof, the proof using explicit norm computation,
was only partially successful. When the fiber (τ, V ) is trivial, this is studied by e.g. Hua
[10], Upmeier [26], and Ørsted [18], and completely done by Faraut-Kora´nyi [6]. However,
vector-valued cases are not computed yet except for a few cases, e.g. the case when (τ, V )
2
is a defining representation of KC = GL(s,C) (Ørsted-Zhang [19], [20]), and the case when
G is of real rank 1 (Hwang-Liu-Zhang [11]).
Now we explain how the explicit norm computation gives informations on unitarizabil-
ity and reducibility in the simplest example. Let G = SU(1, 1). Then the G˜-invariant
inner product (1.1) converges for any polynomial f, h ∈ P(C) if Reλ > 1, but does not
converge for any non-zero polynomial f, h ∈ P(C) if Reλ ≤ 1. Suppose f, h has a Taylor
expansion f(w) =
∑
m amw
m, h(w) =
∑
m bmw
m. Then for Reλ > 1, we can compute
〈f, h〉λ explicitly as
〈f, h〉λ =
∞∑
m=0
m!
(λ)m
ambm,
where (λ)m := λ(λ+ 1) · · · (λ+m− 1). This expression is available even if Reλ ≤ 1, and
is also (g, K˜)-invariant. As a result, the reproducing kernel Kλ(z, w) in (1.2) is expanded
as
Kλ(z, w) = (1− zw¯)−λ =
∞∑
m=0
(λ)m
m!
zmw¯m.
This expression is also available when Reλ ≤ 1. This kernel function is positive definite if
λ ≥ 0, and thus (τλ,O(D)) is unitarizable if λ ≥ 0. Here, when λ = 0, the corresponding
Hilbert space consists of only 0th order polynomials, and is of 1-dimensional. Also, for
λ = −l ∈ Z≤0, the sesquilinear forms
〈f, h〉−l =
l∑
m=0
m!
(−l)m ambm, (1.3)
lim
λ→−l
(λ+ l)〈f, h〉λ = 1
(−l)l
∞∑
m=l+1
m!
(1)m−l−1
ambm (1.4)
are well-defined and (g,K)-invariant on P≤l(C), the space of polynomials of order at most
l, and on P(C)/P≤l(C) respectively. Moreover (1.4) is definite. Therefore P≤l(C) gives a
(g,K)-submodule, and P(C)/P≤l(C) gives a infinitesimally unitary (g,K)-module.
To compute the norm for general G, we use the K-type decomposition of O(D,V )K =
P(p+, V ) instead of the Taylor expansion, fix a K-invariant norm ‖ · ‖F,τ on P(p+, V )
independent of λ (see (3.2)), and compare ‖ · ‖λ,τ and ‖ · ‖F,τ on each K-type. Let
O(D,V )K = P(p+, V ) =
⊕
i
Wi
be a K-type decomposition such that each Wi is orthogonal to the others with respect to
〈·, ·〉F,τ . Then since ‖ · ‖λ,τ and ‖ · ‖F,τ are both K-invariant, the ratio of two norms are
constant on Wi. We denote this ratio by Ri(λ). Moreover, if Wi ⊥ Wj with respect to
〈·, ·〉F,τ impliesWi ⊥Wj with respect to 〈·, ·〉λ,τ (for example, if P(p+, V ) is K-multiplicity
free), then we have
‖f‖2λ,τ =
∑
i
Ri(λ)‖fi‖2F,τ (f ∈ O(p+, V ))
where fi is the orthogonal projection of f onto Wi, and the reproducing kernel Kλ,τ (z, w)
is expanded as
Kλ,τ (z, w) =
∑
i
Ri(λ)
−1Ki(z, w),
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where Ki(z, w) is the reproducing kernel of Wi with respect to 〈·, ·〉F,τ . Similarly to the
SU(1, 1) case, if we compute Ri(λ) explicitly, then we can determine completely when the
representation is unitarizable, or reducible, and can get some informations on composition
series.
Since the above argument is available only if Wi ⊥Wj with respect to 〈·, ·〉F,τ implies
Wi ⊥ Wj with respect to 〈·, ·〉λ,τ , we specialize our interest to (G,V )’s in the following
table.
G K V Where
Sp(r,R) U(r)
∧k(Cr)∨ (0 ≤ k ≤ r − 1) Thm 4.2
SU(q, s) S(U(q)× U(s)) C⊠ V ′ (V ′: any irrep of U(s))
Thm 4.3 (q ≥ s)
Thm 5.1 (q < s)
SO∗(2s) U(s)
Sk(Cs)∨
Sk(Cs)⊗ det−k/2 (k ∈ Z≥0)
Thm 4.5 (s even)
Thm 5.2, 5.5 (s odd)
Spin0(2, n)
(Spin(2)×
Spin(n))/Z2
C−k ⊠ V(k,...,k,±k) (k ∈ 12Z≥0, n even)
C−k ⊠ V(k,...,k) (k ∈ {0, 12}, n odd) Thm 4.7
E6(−14) SO(2)× Spin(10) C−k/2 ⊠Hk(R10) (k ∈ Z≥0) Prop 5.8, Conj 5.11
E7(−25) SO(2)× E6 C Already done in [7]
In the above cases, except for G = SU(q, s) case, P(p+, V ) is multiplicity-free under
K, which is proved by direct computation of K-type decomposition. We can also prove
multiplicity-freeness a priori by using [14, Theorem 2]. In G = SU(q, s) case, P(p+, V ) is
not multiplicity-free in general, but each K-isotypic component sits in a single polynomial
space, and thus the arguments explained above is still available.
When G is of tube type or G = SU(q, s) with q ≥ s, which we deal with in Section 4,
we can compute the norm in a uniform way, by generalizing the technique used by Faraut-
Kora´nyi [7]. For these cases, the fibers V in the above table satisfy the condition that they
remain irreducible even if restricted to some subgroup KL of K, and this condition allows
us to compute the norm explicitly. The same condition also appears in e.g. [3], [12]. In
these papers they got some necessary condition on the unitarizability of highest weight
representations, by considering when the reproducing kernel on the tube domain becomes
a Laplace transform of some measure. Under the assumption that V |KL is irreducible, the
necessary and sufficient condition is also computable, and therefore this assumption seems
to be natural.
However, when G is of non-tube type, there is no such uniform way to compute the
norm at this time, and we do this by purely case-by-case analysis. For example, we use an
embedding of G into a larger group, or use an embedding of some smaller subgroup into
G. We deal with such cases in Section 5.
We enumerate the main results of this paper.
Theorem 1.1 (Theorem 4.2). When G = Sp(r,R), and (τ, V ) = (τ∨ε1+···+εk , V
∨
ε1+···+εk),
‖ · ‖2λ,τ converges if Reλ > r, the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨ε1+···+εk =
⊕
m∈Zr++
⊕
k∈{0,1}r , |k|=k
m+k∈Zr+
V ∨2m+k,
4
and for f ∈ V ∨2m+k, the ratio of norms is given by
‖f‖2λ,τ∨ε1+···+εk
‖f‖2
F,τ∨ε1+···+εk
=
∏k
j=1
(
λ− 12(j − 1)
)∏r
j=1
(
λ− 12(j − 1)
)
mj+kj
=
1∏k
j=1
(
λ− 12(j − 1) + 1
)
mj+kj−1
∏r
j=k+1
(
λ− 12 (j − 1)
)
mj+kj
.
Theorem 1.2 (Theorem 4.3, 5.1). When G = SU(q, s), and (τ, V ) = (1(q)⊠τ
(s)
k
,C⊗V (s)
k
)
(k ∈ Zs++), ‖·‖2λ,τ converges if Reλ+ks > q+s−1, the K-type decomposition of O(D,V )K
is given by
P(p+)⊗
(
C⊠ V
(s)
k
)
=
⊕
m∈Zs++
⊕
n∈m+wt(k)
cnk,mV
(q)∨
m ⊠ V
(s)
n ,
and for f ∈ V (q)∨m ⊠ V (s)n , the ratio of norms is given by
‖f‖2
λ,1(q)⊠τ
(s)
k
‖f‖2
F,1(q)⊠τ
(s)
k
=
∏s
j=1(λ− (j − 1))kj∏s
j=1(λ− (j − 1))nj
=
1∏s
j=1(λ− (j − 1) + kj)nj−kj
.
Theorem 1.3 (Theorem 4.5). When G = SO∗(4r), and (τ, V ) = (τ∨(k,0,...,0), V
∨
(k,0,...,0)),
‖ · ‖2λ,τ converges if Reλ > 4r − 3, the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨(k,0,...,0) =
⊕
m∈Zr++
⊕
k∈(Z≥0)r , |k|=k
0≤kj≤mj−1−mj
V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr ,mr),
and for f ∈ V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr,mr), the ratio of norms is given by
‖f‖2λ,τ∨
(k,0,...,0)
‖f‖2
F,τ∨
(k,0,...,0)
=
(λ)k∏r
j=1(λ− 2(j − 1))mj+kj
=
1
(λ+ k)m1+k1−k
∏r
j=2(λ− 2(j − 1))mj+kj
.
When G = SO∗(4r), and (τ, V ) = (τ∨(k/2,...,k/2,−k/2), V
∨
(k/2,...,k/2,−k/2)), ‖ · ‖2λ,τ converges
if Reλ > 4r − 3, the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨(k2 ,..., k2 ,− k2 ) =
⊕
m∈Zr++
⊕
k∈(Z≥0)r , |k|=k
0≤kj≤mj−mj+1
V ∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr)+(k2 ,..., k2 )
,
and for f ∈ V ∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr)+(k2 ,..., k2 )
, the ratio of norms is given by
‖f‖2λ,τ∨
(k/2,...,k/2,−k/2)
‖f‖2F,τ∨
(k/2,...,k/2,−k/2)
=
∏r−1
j=1(λ− 2(j − 1))k∏r
j=1(λ− 2(j − 1))mj−kj+k
=
1∏r−1
j=1(λ+ k − 2(j − 1))mj−kj(λ− 2(r − 1))mr−kr+k
.
Theorem 1.4 (Theorem 5.2, 5.5). When G = SO∗(4r+2) and (τ, V ) = (τ∨(k,0,...,0), V
∨
(k,0,...,0)),
‖ · ‖2λ,τ converges if Reλ > 4r − 1, the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨(k,0,...,0) =
⊕
m∈Zr++
⊕
k∈(Z≥0)r+1;|k|=k
0≤kj≤mj−1−mj
V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr,mr ,kr+1),
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and for f ∈ V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr,mr ,kr+1), the ratio of norms is given by
‖f‖2λ,τ∨
(k,0,...,0)
‖f‖2F,τ∨
(k,0,...,0)
=
(λ)k∏r
j=1(λ− 2(j − 1))mj+kj (λ− 2r)kr+1
=
1
(λ+ k)m1+k1−k
∏r
j=2(λ− 2(j − 1))mj+kj (λ− 2r)kr+1
.
When G = SO∗(4r + 2) and (τ, V ) = (τ∨(k/2,...,k/2,−k/2), V
∨
(k/2,...,k/2,−k/2)), ‖ · ‖2λ,τ con-
verges if Reλ > 4r − 1, the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨( k2 ,..., k2 ,− k2 ) =
⊕
m∈Zr++
⊕
k∈(Z≥0)r+1;|k|=k
0≤kj≤mj−mj+1
0≤kr≤mr
V ∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr,−kr+1)+(k2 ,..., k2 )
,
and for f ∈ V ∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr ,−kr+1)+(k2 ,..., k2 )
, the ratio of norms is given by
‖f‖2λ,τ∨
(k/2,...,k/2,−k/2)
‖f‖2F,τ∨
(k/2,...,k/2,−k/2)
=
∏r
j=1 (λ− 2(j − 1))k∏r
j=1 (λ− 2(j − 1))mj−kj+k (λ− 2r + 1)k−kr+1
=
1∏r
j=1 (λ+ k − 2(j − 1))mj−kj (λ− 2r + 1)k−kr+1
.
Theorem 1.5 (Theorem 4.7). When G = Spin0(2, n) and
(τ, V ) =
{
(χ−k ⊠ τ(k,...,k,±k),C−k ⊗ V(k,...,k,±k))
(
k ∈ 12Z≥0
)
(n : even),
(χ−k ⊠ τ(k,...,k),C−k ⊗ V(k,...,k))
(
k = 0, 12
)
(n : odd),
‖ · ‖2λ,τ converges if Reλ > n− 1, the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V =

⊕
m∈Z2++
⊕
−k≤l≤k
m1−m2+l≥k
C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,±l) (n : even),
⊕
m∈Z2++
⊕
−k≤l≤k
m1−m2+l≥k
C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,|l|) (n : odd),
and for f ∈ C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,±l) or C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,|l|), the
ratio of norms is given by
‖f‖2λ,τ
‖f‖2F,τ
=
(λ)2k
(λ)m1+k+l
(
λ− n−22
)
m2+k−l
=
1
(λ+ 2k)m1−k+l
(
λ− n−22
)
m2+k−l
.
We also state the conjecture on E6(−14) in Section 5.5. From these theorems we can
get informations on unitarizability, reducibility and composition series.
This paper is organized as follows. In Section 2 we prepare some notations and review
some facts on Lie algebras of Hermitian type and Jordan triple systems. In Section 3 we
state and prove the theorems (Theorem 3.1, Corollary 3.4) which plays a key role in this
paper. In Section 4 and 5 we compute the norm explicitly. In Section 4 we deal with the
cases that the norm is computable directly from the theorem in Section 3, and in Section
5 we deal with the cases that need more techniques. In Section 6 we apply the results on
norm computation to the problems on unitarizabily, reducibility and composition series.
6
2 Preliminaries
2.1 Root decomposition
Let g = k⊕p be a simple Hermitian Lie algebra, that is, the maximal compact part k has a
1-dimensional center. We take an element z from the center of k such that the eigenvalues
of ad(z) are +
√−1, 0, −√−1, and let
gC = p+ ⊕ kC ⊕ p−
be the corresponding eigenspace decomposition. We denote the Cartan involution of gC
(the anti-holomorphic extension of the Cartan involution on g) by ϑ. Then p+ has a
Hermitian Jordan triple system structure with the product
(x, y, z) 7−→ {x, y, z} := −1
2
[[x, ϑy], z], x, y, z ∈ p+.
We take a maximal abelian subalgebra h ⊂ k. Then hC becomes simaltaneously a Cartan
subalgebra of both kC and gC. Let ∆ = ∆(gC, hC) be the root system. We denote by
∆p± , ∆kC the all roots α such that the corresponding root space g
C
α is contained in p
±, kC
respectively. Also, we take a positive root system ∆+ = ∆+(g
C, hC) such that ∆p+ ⊂ ∆+,
and we denote ∆kC,+ := ∆kC ∩∆+. We set n := dim p+, r := rankR g.
We take the set of strongly orthogonal roots {γ1, . . . , γr} ⊂ ∆p+ such that
(1) γ1 is the highest root in ∆p+ ,
(2) γk is the root in ∆p+ which is highest among the roots strongly orthogonal to each
γj with 1 ≤ j ≤ k − 1,
and for each j, we take ej ∈ gCγj such that −[[ej , ϑej ], ej ] = 2ej . Then a :=
⊕r
j=1R(ej −
ϑej) ⊂ p is a maximal abelian subalgebra in p, and {e1, . . . , er} is a Jordan frame on p+.
We set e :=
∑r
j=1 ej ∈ p+ (a maximal tripotent), and h := −[e, ϑe] ∈
√−1h. Then ad(h)
has eigenvalues 2, 1, 0,−1,−2. We set
p±T := {x ∈ p± : [h, x] = ±2x} ⊂ p±,
kCT := [p
+
T , p
−
T ] ⊂ kC,
gCT := p
+
T ⊕ kCT ⊕ p−T ,
gT := g
C
T ∩ g.
Then, p+T becomes a complex simple Jordan algebra with the product
x · y := {x, e, y} = −1
2
[[x, ϑe], y], (2.1)
and gT becomes a Lie algebra of tube type.
We define the Cayley transform c : gC → gC by c := Ad(epii4 (e−ϑe)), and set cg := c(g),
cgT := c(gT). Then
cgT ⊂ gCT is fixed by the involution σϑ := Ad(e
pi
2
(e+ϑe)) ◦ ϑ. By direct
computation we have
σϑ|
p
+
T
=
1
2
ad(e)2 ◦ ϑ : p+T −→ p+T ,
σϑ|kCT = (idkC + ad(e)ad(ϑe)) ◦ ϑ : k
C
T −→ kCT,
σϑ|
p
−
T
=
1
2
ad(ϑe)2 ◦ ϑ : p−T −→ p−T .
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That is, σϑ preserves the grading. Therefore we denote
cgT = n
+ ⊕ l⊕ n− ⊂ p+T ⊕ kCT ⊕ p−T = gCT.
Then the real form n+ of p+T becomes a Euclidean simple Jordan algebra.
We set al := c(a) =
√−1h∩ l =⊕rj=1Rhj, where hj := −[ej , ϑej ]. Then the restricted
root system Σ = Σ(cg, al) is given by
Σ =

{
1
2
(γj − γk)
∣∣∣∣
al
:
1 ≤ j, k ≤ r,
j 6= k
}
∪
{
±1
2
(γj + γk)
∣∣∣∣
al
: 1 ≤ j ≤ k ≤ r
}
(g = gT),
(as above) ∪
{
±1
2
γj
∣∣∣∣
al
: 1 ≤ j ≤ r
}
(g 6= gT).
We define the positive restricted roots Σ+ by
Σ+ =

{
1
2
(γj − γk)
∣∣∣∣
al
: 1 ≤ j < k ≤ r
}
∪
{
1
2
(γj + γk)
∣∣∣∣
al
: 1 ≤ j ≤ k ≤ r
}
(g = gT),
(as above) ∪
{
1
2
γj
∣∣∣∣
al
: 1 ≤ j ≤ r
}
(g 6= gT).
Then Σ+ and ∆+ are compatible, that is, α ∈ ∆+ implies α|al ∈ Σ+ ∪ {0}. We set
ljk :=
{
X ∈ cgT : ad(H)X = 1
2
(γj − γk)(H)X for any H ∈ al
}
(1 ≤ j, k ≤ r, j 6= k),
ml :=
{
X ∈ cgϑT : ad(H)X = 0 for any H ∈ al
}
,
n±jk :=
{
X ∈ cgT : ad(H)X = ±1
2
(γj + γk)(H)X for any H ∈ al
}
(1 ≤ j ≤ k ≤ r),
p±jk := (n
±
jk)
C (1 ≤ j ≤ k ≤ r),
p±0j :=
{
X ∈ p± : ad(H)X = ±1
2
γj(H)X for any H ∈ al
}
(1 ≤ j ≤ r),
and
kl := l
ϑ = {X ∈ l : ϑX = Ad(epi2 (e+ϑe))X = X},
n−l :=
⊕
1≤k<j≤r
ljk.
Then we have
l = al ⊕m⊕
⊕
j 6=k
ljk = kl ⊕ al ⊕ n−l ,
n± =
⊕
1≤j≤k≤r
n±jk, p
±
T =
⊕
1≤j≤k≤r
p±jk, p
± =
⊕
0≤j≤k≤r
(j,k)6=(0,0)
p±jk.
The decomposition n+ =
⊕
j≤k n
+
jk, or p
+ =
⊕
j≤k p
+
jk, coincides with the Peirce decom-
position of the Jordan algebra n+, or the Jordan triple system p+, with respect to the
Jordan frame {e1, . . . , er}. We set d := dimC p+12, b := dimC p+01, and nT := dimC p+T . Then
n = r+ 12r(r− 1)d+ br and nT = r+ 12r(r− 1)d holds. Also we set p := 2 + (r− 1)d+ b.
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Throughout this paper, let GC be a connected complex Lie group with Lie algebra gC,
and let G, cGT,K,K
C,KCT be the connected Lie subgroups with Lie algebras g,
cgT, k, k
C, kCT
respectively. Also we set L := KC ∩ cGT, KL := K ∩L (possibly non-connected, with Lie
algebras l, kl), let AL, N
−
L be the connected Lie subgroups of L with Lie algebras al, n
−
l
respectively, and let ML the centralizer of al in KL.
We write
x¯ := σϑx =
1
2
ad(e)2(ϑx) (x ∈ p+T),
l∗ := −ϑl (l ∈ kC),
tl := −σl = −(idkC + ad(e)ad(ϑe))(l) (l ∈ kCT),
l¯ := σϑl = (idkC + ad(e)ad(ϑe)) (l ∈ kCT).
Then these are (anti-)involutions on p+T , k
C and kCT, which preserves n
+, k, (kl)
C and l
respectively. Also, we denote by the same symbols ∗, t and ¯ the corresponding (anti-
)involutions on KC and KCT. Also, for x ∈ p+ and l ∈ KC or kC, we abbreviate Ad(l)x or
ad(l)x as lx.
2.2 Some operations and polynomials on Jordan algebras
As in the previous subsection, p+ has a Jordan triple system structure, and p+T , n
+ has
a Jordan algebra structure. For x, y ∈ p+, we define xy, B(x, y) ∈ EndC(p+) by, for
z ∈ p+,
(xy)z := {x, y, z} = −1
2
ad([x, ϑy])z,
B(x, y)z := x− 2{x, y, z} + {x, {y, z, y}, x} =
(
Ip+ + ad([x, ϑy]) +
1
4
ad(x)2ad(ϑy)2
)
z.
These depends holomorphically on x, and anti-holomorphically on y. Also, for x ∈ p+T , we
define L(x), P (x) ∈ EndC(p+T) by, for y ∈ p+T ,
L(x)y := xy = −1
2
ad([x, ϑe])y,
P (x)y := 2x(xy) − (x2)y = 1
4
ad(x)2ad(ϑe)2y.
Then for x, y ∈ p+ and l ∈ KC,
lx(l∗)−1y = l(xy)l−1,
B(lx, (l∗)−1y) = lB(x, y)l−1
holds, and for x ∈ p+T , l ∈ KCT ,
P (lx) = lP (x)tl,
B(x, x)|
p
+
T
= P (e− x2)
holds. We define an inner product (·|·) on p+ by
(x|y) := 2
p
Tr(xy : p+ → p+).
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Then for l ∈ KC, (lx|y) = (x|l∗y) holds. This inner product is proportional to the
restriction of the Killing form on gC to p+ × p−, under the identification of p+ and p−
through ϑ. Also, let tr(x), det(x) be the trace and determinant polynomials of the Jordan
algebra p+T , and let h(x, y) be the generic norm of the Jordan triple system p
+. Then these
polynomials are expressed by
nT
r
tr(x) = Tr(L(x) : p+T → p+T),
(det(x))2nT/r = Det(P (x) : p+T → p+T),
(h(x, y))p = Det(B(x, y) : p+ → p+).
tr(x) is a linear form satisfying tr(x) = (x|e), and det(x), h(x, y) are polynomials of degree
r with respect to each variable. These polynomials satisfy
det(lx) = det(le) det(x) (l ∈ KCT , x ∈ p+T),
h(lx, (l∗)−1y) = h(x, y) (l ∈ KC, x, y ∈ p+),
h(x, x) = det(e− x2) (x ∈ p+T).
From now we abbreviate B(x, x) = B(x), h(x, x) = h(x), and (x|x) = |x|2 for x ∈ p+.
Then B(x) is self-adjoint on p+, and therefore h(x) is real-valued. Also we set
Ω := {x2 ∈ n+ : x ∈ n+, det(x) 6= 0},
D := (connected componet of {w ∈ p+ : h(w) > 0} which contains 0).
Then L acts on Ω by linear transformation, and G acts on D ⊂ p+ via Borel embedding,
which we will review later. Moreover we have
Ω ≃ L/KL, D ≃ G/K.
For x ∈ Ω, P (x) is positive definite on n+, and there exists a unique element l ∈ exp(l−ϑ) ⊂
L such that P (x) = Ad(l)|n+ . We denote such l ∈ L by the same P (x). Similarly, for
z, w ∈ D, B(z, w) is invertible on p+, and there exists an element l ∈ KC such that
B(z, w) = Ad(l)|p+ . So we define the holomorphic map B : D ×D → KC (with the same
symbol B) such that Ad(B(z, w))|p+ = B(z, w) and B(0, 0) = 1. Clearly P (x) and B(z, w)
are also well-defined as elements of the universal covering groups L˜, K˜C.
Now we recall the Peirce decomposition
p+ =
⊕
0≤j≤k≤r
(j,k)6=(0,0)
p+jk.
We set
p+(l) :=
⊕
1≤j≤k≤l
p+jk
for l = 1, 2, . . . , r. Then each p+(l) is again a unital Jordan algebra. For each l, let det(l) be
the determinant polynomial of p+(l), Pl : p
+ → p+(l) be the orthogonal projection, and we
set
∆l(x) := det(l)(Pl(x)).
For l = r we also write
∆(x) = ∆r(x) = det(x).
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Using these, for s = (s1, . . . , sr) ∈ Cr, we set
∆s(x) := ∆1(x)
s1−s2∆2(x)s2−s3 · · ·∆r−1(x)sr−1−sr∆r(x)sr .
Ifm ∈ Zr and m1 ≥ m2 ≥ · · · ≥ mr ≥ 0, then ∆m is a polynomial of degree m1+ · · ·+mr.
We denote this condition by Zr++:
Z
r
++ := {m = (m1, . . . ,mr) ∈ Zr : m1 ≥ · · · ≥ mr ≥ 0}.
For later use, we prepare another set Zr+:
Z
r
+ := {m = (m1, . . . ,mr) ∈ Zr : m1 ≥ · · · ≥ mr}.
Now for q ∈ (MLALN−L )C, since q preserves each p+(l), we have
∆s(qx) = ∆s(qe)∆s(x).
That is, for any m, ∆m is a lowest weight vector with lowest weight −m1γ1 − · · · −mrγr
under the representation
L −→ End(P(p+)), l 7−→ (f(x) 7−→ f(l−1x))
where P(p+) denotes the space of all holomorphic polynials on p+. In fact, we have
Theorem 2.1 (Hua-Kostant-Schmid, [5, Part III, Theorem V.2.1]).
P(p+) =
⊕
m∈Zr++
Pm(p+)
where Pm(p+) is the irreducible representation of KC with lowest weight −m1γ1 − · · · −
mrγr.
We quote another theorem here.
Theorem 2.2 ([7, Theorem XII.2.2]). The irreducible representation V of L has a KL-
fixed vector if and only if the lowest weight −λ is of the form −λ = −m1γ1 − · · · −mrγr
with (m1, . . . ,mr) ∈ Zr+.
For l = 0, 1, . . . , r we set
Ol := Ad(KC)(e1 + · · ·+ el) ⊂ p+. (2.2)
Then KC acts on each Ol transitively, and we have the orbit decomposition
p+ = O0 ∪ O1 ∪ · · · ∪ Or.
For each orbit Ol, its closure Ol is given by
Ol = O0 ∪ O1 ∪ · · · ∪ Ol.
Also, since the polynomial ∆l+1(x) vanishes on Ol, the polynomial space on Ol decomposes
under KC as
P(Ol) =
⊕
m∈Zr++
ml+1=ml+2=···=0
Pm(p+). (2.3)
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Each orbit Ol has the dimension
dimCOl = l + 1
2
l(2r − l − 1)d + lb (2.4)
since the tangent space of Ol at e1 + · · ·+ el is given by
Te1+···+elOl =
⊕
0≤j≤k≤r
j≤l, (j,k)6=(0,0)
p+jk.
Now we recall the generalized Gamma function, which was introduced by Gindikin [8].
For s ∈ Cn this is defined as
ΓΩ(s) :=
∫
Ω
e− tr(x)∆s(x)∆(x)−
nT
r dx.
This integral converges if Re sj > (j − 1)d2 , and we have the following equality
ΓΩ(s) = (2π)
nT−r
2
r∏
j=1
Γ
(
sj − (j − 1)d
2
)
([7, Corollary VII.1.3]), and this is meromorphically extended on Cn. Also we denote
(s)m :=
ΓΩ(s+m)
ΓΩ(s)
=
r∏
j=1
(
sj − (j − 1)d
2
)
mj
.
For s = (λ, . . . , λ), we abbreviate (λ, . . . , λ) =: λ. For example, we denote
ΓΩ((λ, . . . , λ)) = ΓΩ(λ), ((λ, . . . , λ))m =
ΓΩ(λ+m)
ΓΩ(λ)
= (λ)m.
3 Norm computation: General theory
3.1 Holomorphic discrete series representation
In this subsection we recall the explicit realization of the holomorphic series representation
of the universal covering group G˜. First we recall the Borel embedding.
G/K //
∼
✤
✤
✤
GC/KCP−
D 
 // p+
exp
OO
We consider maps π+ : G×D → D ⊂ p+, κ : G×D → KC, π− : G×D → p− such that
g exp(w) = exp(π+(g,w))κ(g,w) exp(π−(g,w)) (g ∈ G,w ∈ D).
Then π+ gives the action of G on D, so we abbreviate π+(g,w) =: gw. On K ⊂ G this
coincides with the adjoint action. Also, κ satisfies the cocycle condition
κ(gh,w) = κ(g, hw)κ(h,w) (g, h ∈ G, w ∈ D),
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and for k ∈ K, κ(k,w) = k holds. Ad(κ(g,w))|p+ ∈ End(p+) coincides with the tangent
map of w 7→ gw = π+(g,w) at w ∈ p+. We naturally lift κ to the universal covering group,
and we denote this map by the same symbol κ : G˜×D → K˜C.
Let (τ, V ) be a finite dimensional irreducible complex representation of KC, and we
fix a K-invariant inner product (·, ·)τ on V . Also, let χλ be the character of K˜C such that
χ(k)λ = Det(Ad(k)|p+)λ/p. We consider the space of holomorphic sections
ΓO(G/K, G˜ ×K˜ (V ⊗ χ−λ)).
Then since G/K ≃ D is contractible, this is isomorphic to O(D,V ), the space of V -valued
holomorphic functions. Under this identification, the natural action τλ of G˜ on O(D,V )
is written as
τλ(g)f(w) = χ(κ(g
−1, w))λτ(κ(g−1, w))−1f(g−1w) (g ∈ G˜, w ∈ D, f ∈ O(D,V )).
Its differential representation is given by, for u+ l − ϑv ∈ p+ ⊕ kC ⊕ p− = gC,
dτλ(u+ l − ϑv)f(w) =− λdχ(l + [w,ϑv])f(w) + dτ(l + [w,ϑv])f(w)
+
d
dt
∣∣∣∣
t=0
f
(
w − t
(
u+ ad(l)w − 1
2
ad(w)2ϑv
))
.
Then since κ(g,w)B(w)κ(g,w)∗ = B(gw) holds for any g ∈ G˜, w ∈ D (see [16, Lemma
2.11]), this action preserves the following weighted Bergman inner product
〈f, g〉λ,τ := cλ
πn
∫
D
(
τ(B(w)−1)f(w), g(w)
)
τ
h(w)λ−pdw (f, g ∈ O(D,V )), (3.1)
where cλ is a constant defined such that ‖v‖λ,τ = |v|τ holds for any constant functions
z 7→ v ∈ V (i.e. for any element of the minimal K-type). Let Hλ(D,V ) ⊂ O(D,V )
be the unitary subrepresentation of G˜ under τλ. Then Hλ(D,V ) is non-zero if λ ∈ R is
sufficiently large so that the above inner product converges. On the other hand, we cannot
know a priori whether Hλ(D,V ) is zero or non-zero if λ is small. In any case, if Hλ(D,V )
is non-zero, the reproducing kernel is proportional to KReλ,τ (z, w), where
Kλ,τ (z, w) := h(z, w)
−λτ(B(z, w)) ∈ O(D ×D,End(V )).
This is because the reproducing kernel K(z, w) is characterized by
χ(κ(g, z))λτ(κ(g, z))−1K(gz, gw)τ(κ(g,w))∗−1χ(κ(g,w))λ = K(z, w),
and such K(z, w) is unique up to constant multiple, since G˜ acts transitively on the totally
real submanifold diag(D) ⊂ D×D, which allows the value at origin K(0, 0) to determine
the whole K(z, w), and K(0, 0) ∈ End(V ) is proportional to identity since this commutes
with K˜-action. When λ ∈ R is sufficiently large, then the reproducing kernel corresponding
to the inner product (3.1) is precisely Kλ,τ (z, w) by the normalization assumption.
3.2 Key theorem
The norm ‖ · ‖λ,τ in the previous subsection is G˜-invariant, and therefore K˜-invariant.
From now on we observe how the norm varies as the parameter λ varies on each K-type.
In order to compare, we consider another K-invariant norm which is independent of λ.
13
We recall the Fischer inner product 〈·, ·〉F,τ on P(p+, V ), the space of V -valued holo-
morphic polynomials on p+.
〈f, g〉F,τ := 1
πn
∫
p+
(f(w), g(w))τ e
−|w|2dw (f, g ∈ P(p+, V )). (3.2)
This inner product is invariant under the following representation (τˆ ,P(p+, V )):
(τˆ(k)f) (w) := τ(k)f(k−1w) (k ∈ KC, f ∈ P(p+, V ), w ∈ p+),
that is, 〈τˆ (k)f, g〉F,τ = 〈f, τˆ(k∗)g〉F,τ holds. Let W ⊂ P(p+, V ) = O(D,V )K be a KC-
irreducible subspace. Then since both ‖·‖F,τ and ‖·‖λ,τ are K-invariant, the ratio of these
two norms are constant on W . Therefore we aim to compute this ratio of two norms.
In order to state the key theorem, we prepare some notations. Let
(τ, V )|KCT =
⊕
i
(τi, Vi)
be the decomposition of the KC-module (τ, V ) into KCT-irreducible submodules, and for
each i we denote by (τ¯i, Vi) the complex conjugate representation of Vi with respect to the
real form L ⊂ KCT , that is, there exists a conjugate linear isomorphism ·¯ : Vi → Vi, and τ¯i
is given by τ¯i(l)v¯ = τi(l¯)v. Let
rest : P(p+, V )→ P(p+T , V ) =
⊕
i
P(p+T , Vi)
be the restriction map, and for each i we take KCT-submodules Wij ⊂ P(p+T , Vi) such that
rest(W ) ⊂
⊕
i
⊕
j
Wij
holds.
Theorem 3.1. Let (τ, V )|KCT =
⊕
i(τi, Vi), and suppose each (τi, Vi) has a restricted lowest
weight −
(
ki,1
2 γ1 + · · · +
ki,r
2 γr
)∣∣∣
al
. Let W ⊂ P(p+, V ) be a KC-irreducible subspace, with
rest(W ) ⊂⊕i⊕jWij ⊂⊕i P(p+T , Vi) as above. We assume
(A1) (τi, Vi)|KL still remains irreducible for each i.
(A2) For each i, j, all the KL-spherical irreducible subspaces in Wij ⊗ Vi have the same
lowest weight − (nij,1γ1 + · · ·+ nij,rγr).
Then the integral ‖f‖2λ,τ converges for any f ∈W if Re(λ)+ki,r > p−1 for all i. Moreover,
there exist non-negative integers aij such that, for any f ∈W ,
‖f‖2λ,τ
‖f‖2F,τ
=
cλ∑
ij aij
∑
ij
aij
ΓΩ
(
λ+ ki − nr
)
ΓΩ(λ+ nij)
,
where
c−1λ =
1
dimV
∑
i
(dimVi)
ΓΩ
(
λ+ ki − nr
)
ΓΩ(λ+ ki)
.
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In the rest of this section we prove this theorem. We set ‖f‖2λ,τ/‖f‖2F,τ =: RW (λ) for
f ∈W , and compute this ratio RW (λ).
Let KW (z, w) ∈ P(p+ × p+,End(V )) be the reproducing kernel of W with respect to
〈·, ·〉F,τ , that is, for an orthonormal basis {fi} of W with respect to 〈·, ·〉F,τ ,
KW (z, w)v :=
∑
i
(v, fi(w))τ fi(z) (v ∈ V ),
which does not depend on the choice of {fi}. Then the ratio RW (λ) is computed as
RW (λ) =
cλ
∑
i
∫
D
(
τ(B(w)−1)fi, fi
)
τ
h(w)λ−pdw
∑
i
∫
p+
(fi, fi)τ e
−|w|2dw
=
cλ
∫
D
TrV
(
τ(B(w)−1)KW (w,w)
)
h(w)λ−pdw∫
p+
TrV (KW (w,w))e
−|w|2dw
,
and if the numerator converges, then ‖fi‖2λ,τ converges for any i, and so does ‖f‖2λ,τ for
any f ∈W . To proceed the computation, we use the following lemma.
Lemma 3.2. For any integrable, or non-negative-valued measurable function f on p+, we
have
1
πn
∫
p+
f(w)dw =
1
ΓΩ
(
n
r
) ∫
Ω
∫
K
f(kx
1
2 )∆(x)bdkdx,
where x
1
2 is the square root with respect to the Jordan algebra structure (2.1) on Ω ⊂ n+.
Proof. For tube type case (b = 0) see [7, Proposition X.3.4]. Even for b 6= 0 case we can
prove this similarly.
Since the integrand of RW (λ) is non-negative-valued, by this lemma, this is equal to
RW (λ) =
cλ
∫
Ω∩(e−Ω)
∫
K
TrV
(
τ(B(kx
1
2 )−1)KW (kx
1
2 , kx
1
2 )
)
h(kx
1
2 )λ−p∆(x)bdkdx∫
Ω
∫
K
TrV
(
KW (kx
1
2 , kx
1
2 )
)
e−|kx
1
2 |2∆(x)bdkdx
.
Since the reproducing kernel satisfies
KW (kz, k
∗−1w) = τ(k)KW (z, w)τ(k−1) (z, w ∈ p+, k ∈ KC),
we have,
KW (kx
1
2 , kx
1
2 ) = τ(k)KW (P (x
− 1
4 )x, P (x
1
4 )e)τ(k−1)
= τ(k)τ(P (x−
1
4 ))KW (x, e)τ(P (x
1
4 ))τ(k−1) (x ∈ Ω, k ∈ K).
Therefore we have
TrV
(
KW (kx
1
2 , kx
1
2 )
)
= TrV (KW (x, e)).
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Also, since k−1B(kx
1
2 )−1k = B(x
1
2 )−1 = P (e−x)−1 and P (e−x)−1 commutes with P (x 14 ),
we have
TrV
(
τ(B(kx
1
2 )−1)KW (kx
1
2 , kx
1
2 )
)
= TrV
(
τ(P (e− x)−1)KW (x, e)
)
.
By these and h(kx
1
2 ) = ∆(e− x), |kx 12 |2 = tr(x), we have
RW (λ) =
cλ
∫
Ω∩(e−Ω)
TrV
(
τ(P (e − x)−1)KW (x, e)
)
∆(e− x)λ−p∆(x)bdx∫
Ω
TrV (KW (x, e))e
− tr(x)∆(x)bdx
.
By the assumption, we can rewrite KW (z, w) by using KWij (z, w), the reproducing kernels
of Wij , when z, w ∈ p+T :
KW (z, w) =
∑
ij
a˜ijKWij (z, w) ∈ P(p+T × p+T ,End(V )) (z, w ∈ p+T),
using some non-negative numbers a˜ij. Therefore we have
RW (λ) =
cλ
∑
ij
a˜ij
∫
Ω∩(e−Ω)
TrVi
(
τi(P (e − x)−1)KWij (x, e)
)
∆(e− x)λ−p∆(x)bdx
∑
ij
a˜ij
∫
Ω
TrVi(KWij (x, e))e
− tr(x)∆(x)bdx
.
Now we set
Bij(λ) :=
∫
Ω∩(e−Ω)
TrVi
(
τi(P (e− x)−1)KWij (x, e)
)
∆(e− x)λ−p∆(x)bdx,
Γij :=
∫
Ω
TrVi(KWij (x, e))e
− tr(x)∆(x)bdx
so that RW (λ) = cλ
(∑
ij a˜ijBij(λ)
)/(∑
ij a˜ijΓij
)
. Now, we regardKWij (x, e) ∈ P(p+T ,End(Vi))
as a function of x. We define the action τ˜i of K
C
T on P(p+T ,End(Vi)) by
(τ˜i(k)F )(x) := τi(k)F (k
−1x)τi(tk) (k ∈ KCT , F ∈ P(p+T ,End(Vi)), x ∈ p+T).
Then KWij (x, e) is KL-invariant under τ˜i. Now we identify
(τ˜i,P(p+T ,End(Vi))) ≃ (τˆ |KCT ⊗ τ¯i,P(p
+
T , Vi)⊗ Vi).
Then under this identification KWij(x, e) sits in Wij ⊗ Vi, and therefore by (A2) this sits
in the space with lowest weight −(n1γ1 + · · · + nrγr). That is, there exists a function
Fij ∈ P(p+T ,End(Vi)) such that
(τ˜i(q)Fij)(x) = ∆nij (q
−1e)Fij(x) (q ∈ ALN−L , x ∈ p+T),∫
KL
(τ˜(k)Fij)(x)dk = KWij (x, e).
We note that
∫
KL
(τ˜(k)Fij)(x)dk is non-zero for any non-zero N
−
L -fixed vector Fij , since
we have (Fij ,KWij (·, e))τ 6= 0, which is proved by using the Iwasawa decomposition L =
KLALN
−
L .
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From now, we compute Bij(λ) formally, allowing variable changes. By using Fij , we
rewrite Bij(λ) and Γij.
Bij(λ) =
∫
Ω∩(e−Ω)
TrVi
(
τi(P (e − x)−1)Fij(x)
)
∆(e− x)λ−p∆(x)bdx,
Γij :=
∫
Ω
TrVi(Fij(x))e
− tr(x)∆(x)bdx.
We set
I(y) :=
∫
Ω∩(y−Ω)
TrVi
(
τi(P (y − x)−1)Fij(x)
)
∆(y − x)λ−p∆(x)bdx (3.3)
so that I(e) = Bij(λ). We take q ∈ ALN−L such that y = qe, and set x = qz. Then
I(y) =
∫
Ω∩(e−Ω)
TrVi
(
τi(P (q.(e − z))−1)Fij(qz)
)
∆(q.(e− z))λ−p∆(qz)b∆(qe)nTr dz
=
∫
Ω∩(e−Ω)
TrVi
(
τi(
tq−1)τi(P (e− z)−1)τi(q−1)Fij(qz)
)
∆(e− z)λ−p∆(z)b∆(qe)λ−p+b+nTr dz
=
∫
Ω∩(e−Ω)
TrVi
(
τi(P (e− z)−1)Fij(z)
)
∆nij (qe)∆(e− z)λ−p∆(z)b∆(qe)λ−
nT
r dz
= I(e)∆nij (y)∆(y)
λ−nT
r = Bij(λ)∆λ+nij (y)∆(y)
−nT
r .
Now we calculate
∫
Ω I(y)e
− tr(y)dy by two ways.∫
Ω
I(y)e− tr(y)dy = Bij(λ)
∫
Ω
e− tr(y)∆λ+nij(y)∆(y)
−nT
r dy = Bij(λ)ΓΩ(λ+ nij),∫
Ω
I(y)e− tr(y)dy =
∫∫
x∈Ω,y−x∈Ω
e− tr(y) TrVi
(
τi(P (y − x)−1)Fij(x)
)
∆(y − x)λ−p∆(x)bdxdy
=
∫∫
x∈Ω,z∈Ω
e− tr(x+z)TrVi
(
τi(P (z)
−1)Fij(x)
)
∆(z)λ−p∆(x)bdxdz
= TrVi
(∫
Ω
e− tr(z)τi(P (z)−1)∆(z)λ−pdz
∫
Ω
e− tr(x)Fij(x)∆(x)bdx
)
.
Therefore, formally
Bij(λ)ΓΩ(λ+ nij) = TrVi
(∫
Ω
e− tr(z)τi(P (z)−1)∆(z)λ−pdz
∫
Ω
e− tr(x)Fij(x)∆(x)bdx
)
holds. By Fubini’s theorem, variable changes are verified and the above equality exactly
holds if ∫∫
x∈Ω,z∈Ω
e− tr(x+z)
∣∣TrVi (τi(P (z)−1)Fij(x))∣∣∆(z)Re(λ)−p∆(x)bdxdz <∞
is verified, and since all norms on the finite-dimensional vector space End(Vi) are equiva-
lent, this holds if ∫
Ω
e− tr(z)
∣∣τi(P (z)−1)∣∣τi,op∆(z)Re(λ)−pdz <∞, (3.4)∫
Ω
e− tr(x) |Fij(x)|τi,op∆(x)
bdx <∞ (3.5)
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hold, where | · |τi,op denotes the operator norm. Since
|Fij(x)|τi,op = maxu,v∈Vi\{0}
|(Fij(x)u, v)τi |
|u|τi |v|τi
holds and (Fij(x)u, v)τ is a polynomial on Ω for any u, v ∈ Vi, (3.5) exactly holds. Also,
since τi(P (z)
−1) is self-adjoint and positive definite for z ∈ Ω, we have
∣∣τi(P (z)−1)∣∣τi,op = maxu∈Vi\{0}
∣∣(τi(P (z)−1)u, u)τi ∣∣
|u|2τi
,
and elements v ∈ Vi such that∫
Ω
e− tr(z)
∣∣(τi(P (z)−1)v, v)τi ∣∣∆(z)Re(λ)−pdz <∞ (3.6)
forms a KL-invariant vector subspace, by the triangle inequality and the KL-invariance
of the integral. By assumption (A1), such vector subspace is either Vi or {0}. Thus (3.4)
holds if and only if (3.6) holds for some non-zero v ∈ Vi. Moreover, again by assumption
(A1), the integral
Γ′i(λ) :=
∫
Ω
e− tr(z)τi(P (z)−1)∆(z)λ−pdz (3.7)
is proportional to the identity operator IVi if (3.6) holds, since this Γ
′
i(λ) commutes with
KL-action. Now we prove (3.6) for v ∈ Vi lowest weight vector, assuming Re(λ) + ki,r >
p − 1. Since the restricted lowest weight of Vi is −ki,12 γ1 − · · · −
ki,r
2 γr
∣∣∣
al
, for q ∈ ALN−L
we have
(τi(P (qe)
−1)v, v)τi = (τi(
tq−1q−1)v, v)τi = |τi(q−1)v|2τi = ∆−ki
2
(q−1e)2|v|2τi = ∆ki(qe)|v|2τi ,
and this is positive valued. Therefore we have
(Γ′i(λ)v, v)τi =
∫
Ω
e− tr(z)(τi(P (z)−1)v, v)τi∆(z)
λ−pdz
=
∫
Ω
e− tr(z)∆ki(z)∆(z)
λ−n
r
−nT
r dz|v|2τi
= ΓΩ
(
λ+ ki − n
r
)
|v|2τi (3.8)
if Re(λ) + ki,r > p − 1. That is, (3.4) is verified, and Γ′i(λ) = ΓΩ
(
λ+ ki − nr
)
IVi holds.
Therefore,
Bij(λ) =
ΓΩ
(
λ+ ki − nr
)
ΓΩ(λ+ nij)
TrV
(∫
Ω
e− tr(x)∆(x)bFij(x)dx
)
=
ΓΩ
(
λ+ ki − nr
)
ΓΩ(λ+ nij)
Γi,
exactly holds, and
RW (λ) =
cλ∑
ij a˜ijΓij
∑
ij
a˜ij
ΓΩ
(
λ+ ki − nr
)
ΓΩ(λ+ nij)
Γij.
By putting a˜ijΓij =: aij , we get the desired formula.
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When W = V , clearly we have rest(V ) = ⊕iVi, and KV (z, w) = IV , KVi(z, w) = IVi .
Thus, the coefficients
ai = Γi =
∫
Ω
TrVi(KVi(x, e))e
− tr(x)∆(x)bdx
=
∫
Ω
TrVi(IVi)e
− tr(x)∆(x)bdx = (dimVi)ΓΩ
(n
r
)
.
Also, by assumption (A1), KL-spherical vectors in (τ˜ ,End(Vi)) ≃ (τi ⊗ τi, Vi ⊗ Vi) is pro-
portional to IVi , that is, dimEnd(Vi)
KL = 1. Therefore, assumption (A2) is automatically
satisfied, with ni = ki. Since cλ is determined such that RV,λ = 1, we have
c−1λ =
1∑
i(dimVi)ΓΩ
(
n
r
)∑
i
(dimVi)ΓΩ
(n
r
) ΓΩ (λ+ ki − nr )
ΓΩ(λ+ ki)
=
1
dimV
∑
i
(dimVi)
ΓΩ
(
λ+ ki − nr
)
ΓΩ(λ+ ki)
,
and this completes the proof.
Remark 3.3. The integral Γ′i,λ in (3.7) is essentially the same as the “Gamma function”
in [9, Definition 3.1], [12, Section 4] on End(Vi), or the integral with the measure Rµ in [3,
Theorem 3.4], and the property of Γ′i,λ or the finiteness of (3.4) have been already proved.
However, since the notation is different, the author wrote the proof for completeness.
If (τ, V )|kCT is still irreducible and rest(W ) ⊂ P(p
+
T , V ) consists of one irreducible K
C
T-
module, then Theorem 3.1 becomes easier.
Corollary 3.4. Suppose (τ, V )|KCT has a restricted lowest weight −
(
k1
2 γ1 + · · · + kr2 γr
)∣∣∣
al
.
Let W ⊂ P(p+, V ) be a KC-irreducible subspace. We assume
(A0) rest(W ) ⊂ P(p+T , V ) is irreducible as a KCT-module.
(A1’) (τ, V )|KL still remains irreducible.
(A2’) All the KL-spherical irreducible subspaces in rest(W )⊗V have the same lowest weight
− (n1γ1 + · · ·+ nrγr).
Then the integral ‖f‖2λ,τ converges for any f ∈ W if Re(λ) + kr > p − 1. Moreover, we
have
cλ =
ΓΩ(λ+ k)
ΓΩ
(
λ+ k− nr
) ,
and for any f ∈W , we have
‖f‖2λ,τ
‖f‖2F,τ
=
ΓΩ(λ+ k)
ΓΩ(λ+ n)
=
(λ)k
(λ)n
=
1
(λ+ k)n−k
.
The assumption (A0) is automatically satisfied if
• G = GT i.e. G is of tube type, or
• G = SU(q, r) (q ≤ r), and V = C⊠ V ′ as a K = S(U(q)× U(r))-module.
In Section 4, we deal with these cases explicitly, and in Section 5, we deal with the cases
such that Corollary 3.4 is not applicable. To remove the ambiguity of the action of the
center, we assume ki,r ≥ 0 for any i, and ki,r = 0 for some i.
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4 Norm computation: Tube type case
4.1 Explicit roots
Before starting the computation of norms, we fix the notation about roots of classical Lie
algebras of Hermitian type.
Let g = k ⊕ p be a classical simple Lie algebra of Hermitian type, i.e. one of sp(r,R),
su(q, s), so∗(2s), or so(2, n). We fix a Cartan subalgebra h ⊂ k. Then h automatically
becomes a Cartan subalgebra of g. We take a basis
{t1, t2, . . . , tr} ⊂
√−1h (g = sp(r,R)),
{t1, t2, . . . , tq+s} ⊂ (
√−1h)⊕ R (g = su(q, s)),
{t1, t2, . . . , ts} ⊂
√−1h (g = so∗(2s)),
{t0, t1, . . . , t⌊n/2⌋} ⊂
√−1h (g = so(2, n)),
with the dual basis {εj}, such that the simple systems ΠgC , ΠkC of positive roots ∆+(gC, hC),
∆+(k
C, hC) are given by
ΠkC =

{εj − εj+1 : j = 1, . . . , r − 1} (g = sp(r,R)),
{εj − εj+1 : j = 1, . . . , q − 1}
∪{εj+1 − εj : j = q + 1, . . . , q + s− 1} (g = su(q, s)),
{εj − εj+1 : j = 1, . . . , s− 1} (g = so∗(2s)),
{εj − εj+1 : j = 1, . . . , s− 1} ∪ {εs−1 + εs} (g = so(2, 2s)),
{εj − εj+1 : j = 1, . . . , s− 1} ∪ {εs} (g = so(2, 2s + 1)),
ΠgC = ΠkC ∪

{2εr} (g = sp(r,R)),
{εq − εq+s} (g = su(q, s)),
{εs−1 + εs} (g = so∗(2s)),
{ε0 − ε1} (g = so(2, n)).
Then the central character dχ of kC is given by
dχ =

ε1 + · · ·+ εr (g = sp(r,R)),
ε1 + · · ·+ εq = −(εq+1 + · · ·+ εq+s) (g = su(q, s)),
1
2(ε1 + · · ·+ εs) (g = so∗(2s)),
ε0 (g = so(2, n)),
and the maximal set of strongly orthogonal roots {γ1, . . . , γrankR g} is given by
γj = 2εj (j = 1, . . . , r) (g = sp(r,R)),
γj = εj − εq+j (j = 1, . . . ,min{q, s}) (g = su(q, s)),
γj = γ2j−1 + γ2j (j = 1, . . . , ⌊s/2⌋) (g = so∗(2s)),
γ1 = ε0 + ε1, γ2 = ε0 − ε1 (g = so(2, n)).
When g = sp(r,R), su(r, r), so∗(4r) or so(2, n), g is of tube type, i.e. g = gT holds. On
the other hand, when su(q, s) (q 6= s) or g = so∗(4r + 2), g is of non-tube type, and we
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have gT = su(r, r) (r := min{q, s}), or gT = so∗(4r) respectively. Let hT := h ∩ gT. Then
we have
√−1hT = span({tj − tj+1 : j = 1, . . . , r − 1, q + 1, . . . , q + r − 1}
∪ {tr − tq+r}) (g = su(q, s)),√−1hT = span{t1, . . . , t2r} (g = so∗(4r + 2)).
Also, al ⊂
√−1hT is given by
al =

√−1h (gT = sp(r,R)),
span{tj − tq+j : j = 1, . . . , r} (gT = su(r, r)),
span{t2j−1 + t2j : j = 1, . . . , r} (gT = so∗(4r)),
span{t0, t1} (gT = so(2, n)).
In general, we consider gl(s,C) or so(n,C), and parametrize their irreducible represen-
tations. We fix the positive root system of gl(s,C) such that its simple system is given by
{εj − εj+1 : j = 1, . . . , s− 1}, and for m ∈ Zs+, let (τ (s)m , V (s)m ), (τ (s)∨m , V (s)∨m ) be the finite-
dimensional irreducible representation of gl(s,C) with highest weight m1ε1 + · · · +msεs,
−msε1−· · ·−m1εs respectively. Similarly, we fix the positive root system of so(n,C) such
that its simple system is given by
{εj − εj+1 : j = 1, . . . , s− 1} ∪ {εs−1 + εs} (n = 2s),
{εj − εj+1 : j = 1, . . . , s− 1} ∪ {εs} (n = 2s + 1),
and for m ∈ Zs ∪ (Z+ 12)s with
m1 ≥ m2 ≥ · · · ≥ ms−1 ≥ |ms| (n = 2s),
m1 ≥ m2 ≥ · · · ≥ ms−1 ≥ ms ≥ 0 (n = 2s+ 1),
let (τ
[n]
m , V
[n]
m ) be the finite-dimensional irreducible representation of so(n,C) with highest
weight m1ε1 + · · · +msεs. Then (τ (r)∨m , V (r)∨m ), (τ (q)∨m ⊠ τ (s)n , V (q)∨m ⊗ V (s)n ), (τ (s)∨m , V (s)∨m )
and (χm0 ⊠ τ
[n]
m ,Cm0 ⊗ V [n]m ) are naturally identified with the representation of kC for
g = sp(r,R), su(q, s), so∗(2s) and so(2, n) respectively. Their restricted lowest weights are
given by
− 1
2
(m1γ1 + · · ·+mrγr)
∣∣∣∣
al
(g = sp(r,R), V = V
(r)∨
m ),
− 1
2
((m1 − n1)γ1 + · · · + (mr − nr)γr)
∣∣∣∣
al
(g = su(q, s), V = V
(q)∨
m ⊠ V
(s)
n ),
− 1
2
((m1 +m2)γ1 + · · ·+ (m2r−1 +m2r)γr)
∣∣∣∣
al
(g = so∗(2s), V = V (s)∨m ),
− 1
2
((m0 +m1)γ1 + (m0 −m1)γ2)
∣∣∣∣
al
(g = so(2, n), V = Cm0 ⊠ V
[n]
m ).
We will omit the superscript (s) or [n] if there is no confusion.
Next we determine (τ¯ , V¯ ) for each representation (τ, V ) of kCT. As in Section 2.1, let
·¯ be the involution of kCT fixing l. Then ·¯ acts on hCT anti-linearly, and fixes al ⊕ (ml ∩ h).
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Therefore ·¯|hCT is characterized by
tj = tj (gT = sp(r,R)),
tj = −tq+j, tq+j = −tj (gT = su(r, r)),
t2j−1 = t2j , t2j = t2j−1 (gT = so∗(4r)),
tj =
{
tj (j = 0, 1)
−tj (j = 2, . . . , s)
(gT = so(2, n), s = ⌊n/2⌋).
We take an element w ∈ NK(h) ⊂ K (the normalizer of h in K, or the “Weyl group” of
h) such that
Ad(w)tj = tj (gT = sp(r,R), su(r, r)),
Ad(w)t2j−1 = t2j , Ad(w)t2j = t2j−1 (gT = so∗(4r)),
Ad(w)tj =
{
tj (j = 0, 1, s)
−tj (j = 2, 3, . . . , s− 1)
(gT = so(2, n), n ∈ 4N, s = ⌊n/2⌋),
Ad(w)tj =
{
tj (j = 0, 1)
−tj (j = 2, 3, . . . , s)
(gT = so(2, n), n /∈ 4N, s = ⌊n/2⌋).
Then we have
Ad(w)tj = tj (gT = sp(r,R), so
∗(4r)),
Ad(w)tj = −tq+j, Ad(w)tq+j = −tj (gT = su(r, r)),
Ad(w)tj =
{
tj (j = 0, 1, . . . , s − 1)
−ts (j = s)
(gT = so(2, n), n ∈ 4N, s = ⌊n/2⌋),
Ad(w)tj = tj (gT = so(2, n), n /∈ 4N, s = ⌊n/2⌋),
and thus Ad(w)¯·|hCT preserves the positive Weyl chamber. This implies Ad(w)¯· preserves
the Borel subalgebra b ⊂ kCT. Let (τ, V ) be an irreducible kT-module with highest weight
µ ∈ (hCT)∨ and we extend µ on b such that it is trivial on the nilradical. Let v ∈ V be the
highest weight. Then for b ∈ b we have
dτ¯(b)(τ(w−1)v) = dτ(b¯)τ(w−1)v = τ(w−1)dτ(Ad(w)b¯)v = µ(Ad(w)b¯) τ(w−1)v.
Therefore (τ¯ , V¯ ) has the highest weight vector τ(w−1)v with highest weight t 7→ µ(Ad(w)t¯)
(t ∈ hCT). Thus we conclude
V
(r)∨
m ≃V (r)∨m (gT = sp(r,R)),
V
(r)∨
m ⊠ V
(r)
n ≃V (r)∨n ⊠ V (r)m (gT = su(r, r)),
V
(2r)∨
m ≃V (2r)∨m (gT = so∗(4r)),
Cm0 ⊠ V
[n]
(m1,...,ms−1,ms)
≃Cm0 ⊠ V [n](m1,...,ms−1,−ms) (gT = so(2, n), n ∈ 4N, s = ⌊n/2⌋),
Cm0 ⊠ V
[n]
(m1,...,ms−1,ms)
≃Cm0 ⊠ V [n](m1,...,ms−1,ms) (gT = so(2, n), n /∈ 4N, s = ⌊n/2⌋).
In the following sections, we compute the ratio of norms by using Corollary 3.4.
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4.2 Sp(r,R)
In this subsection we set G = Sp(r,R). This is of tube type, and we have
K ≃ U(r), p± ≃ Sym(r,C), L ≃ GL(r,R), KL ≃ O(r),
r = r, n =
1
2
r(r + 1), d = 1, p = r + 1.
We want to calculate the norm ‖ · ‖λ,τ of O(D,V ) in the case V = V ∨ε1+···+εk ≃
∧k(Cr)∨
(k = 0, 1, . . . , r − 1). These V have the restricted lowest weight − 12 (γ1 + · · ·+ γs)
∣∣
al
,
and remain irreducible even if restricted to KL = O(r), i.e. satisfy assumption (A1’) of
corollary 3.4. Thus the norm ‖ · ‖2λ,τ∨ε1+···+εk converges if Reλ > r, and the normalizing
constant cλ is given by
cλ =
ΓΩ(λ+ ε1 + · · ·+ εk)
ΓΩ
(
λ+ ε1 + · · ·+ εk − r+12
) = ∏kj=1 Γ
(
λ− j−12 + 1
)∏r
j=k+1 Γ
(
λ− j−12
)
∏k
j=1 Γ
(
λ− j+r2 + 1
)∏r
j=k+1 Γ
(
λ− j+r2
) .
First we compute the K-type decomposition of O(D,V )K = P(p+) ⊗ V ∨ε1+···+εk . To do
this, we quote the following lemma.
Lemma 4.1 ([29, §79, Example 3]).
V ∨m ⊗ V ∨ε1+···+εk =
⊕
k∈{0,1}r , |k|=k
m+k∈Zr+
V ∨m+k.
By this lemma and Theorem 2.1, we have
P(p+)⊗ V ∨ε1+···+εk =
⊕
m∈Zr++
V ∨2m ⊗ V ∨ε1+···+εk
=
⊕
m∈Zr++
⊕
k∈{0,1}r , |k|=k
m+k∈Zr+
V ∨2m+k.
Second, for each K-type V ∨2m+k, we compute V
∨
2m+k ⊗ V ∨ε1+···+εk ≃ V ∨2m+k ⊗ V ∨ε1+···+εk .
V ∨2m+k ⊗ V ∨ε1+···+εk =
⊕
k
′∈{0,1}r , |k′|=k
2m+k+k′∈Zr+
V ∨2m+k+k′ .
By Theorem 2.2, V ∨2m+k+k′ is KL-spherical if and only if each component of 2m+ k+ k
′
is even, that is, k = k′. Thus, the only KL-spherical submodule in V ∨2m+k ⊗ V ∨ε1+···+εk
is V ∨2m+2k, and V
∨
2m+k satisfies the assumption (A2’) of Corollary 3.4 with n = m + k.
Therefore by Corollary 3.4, for f ∈ V ∨2m+k we have
‖f‖2λ,τ∨ε1+···+εk
‖f‖2
F,τ∨ε1+···+εk
=
(λ)ε1+···+εk
(λ)m+k
=
∏k
j=1
(
λ− 12 (j − 1)
)∏r
j=1
(
λ− 12(j − 1)
)
mj+kj
.
We summarize this subsection.
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Theorem 4.2. When G = Sp(r,R), and (τ, V ) = (τ∨ε1+···+εk , V
∨
ε1+···+εk), ‖ · ‖2λ,τ converges
if Reλ > r, the normalizing constant cλ is given by
cλ =
∏k
j=1 Γ
(
λ− j−12 + 1
)∏r
j=k+1 Γ
(
λ− j−12
)
∏k
j=1 Γ
(
λ− j+r2 + 1
)∏r
j=k+1 Γ
(
λ− j+r2
) ,
the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨ε1+···+εk =
⊕
m∈Zr++
⊕
k∈{0,1}r , |k|=k
m+k∈Zr+
V ∨2m+k,
and for f ∈ V ∨2m+k, the ratio of norms is given by
‖f‖2λ,τ∨ε1+···+εk
‖f‖2
F,τ∨ε1+···+εk
=
∏k
j=1
(
λ− 12(j − 1)
)∏r
j=1
(
λ− 12(j − 1)
)
mj+kj
=
1∏k
j=1
(
λ− 12(j − 1) + 1
)
mj+kj−1
∏r
j=k+1
(
λ− 12 (j − 1)
)
mj+kj
.
4.3 SU(q, s)
In this subsection we set G = SU(q, s), with q ≥ s. Then we have
K ≃ S(U(q)× U(s)), p± ≃M(q, s;C), GT ≃ SU(s, s), KT ≃ S(U(s)× U(s)),
L ≃ {l ∈ GL(s,C) : det l ∈ R×}, KL ≃ {k ∈ U(s) : det k = ±1},
r = s, n = qs, d = 2, p = q + s.
We want to calculate the norm ‖·‖λ,τ of O(D,V ) in the case (τ, V ) = (τ (q)∨0 ⊠τ (s)k , V (q)∨0 ⊗
V
(s)
k
) = (1(q) ⊠ τ
(s)
k
,C ⊗ V (s)
k
) (k ∈ Zs++). These V have the restricted lowest weight
− 12 (k1γ1 + · · · + ksγs)
∣∣
al
, and remain irreducible even if restricted to KL = diag({±1} ×
SU(s)) i.e. satisfy assumption (A1’) of corollary 3.4. Thus ‖ · ‖2λ,τ converges if Reλ+ks >
q + s− 1, and the normalizing constant cλ is given by
cλ =
ΓΩ(λ+ k)
ΓΩ(λ+ k− q) =
s∏
j=1
(λ− (j − 1) + kj − q)q.
First, we compute the K-type decomposition of O(D,V )K = P(p+) ⊗
(
C⊠ V
(s)
k
)
. By
Theorem 2.1 we have
P(p+)⊗
(
C⊠ V
(s)
k
)
=
⊕
m∈Zs++
(
V
(q)∨
m ⊠ V
(s)
m
)
⊗
(
C⊠ V
(s)
k
)
=
⊕
m∈Zs++
⊕
n∈m+wt(k)
cnk,mV
(q)∨
m ⊠ V
(s)
n .
where V
(q)∨
m is the abbreviation of V
(q)∨
(m1,...,ms,0,...,0)
, wt(k) is the set of all weights in the
GL(s,C)-module V
(s)
k
, and cn
k,m are some non-negative integers. Second, let rest : P(p+)⊗
V → P(p+T)⊗ V be the restriction map, as in Section 3.2. Then we have
rest
(
V
(q)∨
m ⊠ V
(s)
n
)
= V
(s)∨
m ⊠ V
(s)
n ,
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so each K-type V
(q)∨
m ⊠ V
(s)
n satisfies the assumption (A0) in Corollary 3.4. Third, we
compute the tensor product with C⊠ V
(s)
n ≃ V (s)n ⊠ C.(
V
(s)∨
m ⊠ V
(s)
n
)
⊗
(
V
(s)∨
k
⊠ C
)
=
⊕
n′∈m+wt(k)
cn
′
k,mV
(s)∨
n′
⊠ V
(s)
n .
By Theorem 2.2, V
(s)∨
n′
⊠ V
(s)
n is KL-spherical if and only if n
′ = n, so all irreducible
KL-spherical submodules in
(
V
(s)∨
m ⊠ V
(s)
n
)
⊗
(
V
(s)∨
k
⊠ C
)
are isomorphic to V
(s)∨
n ⊠V
(s)
n ,
which has the lowest weight −(n1γ1 + · · · + nsγs). Therefore each K-type satisfies the
assumption (A2’), and by Corollary 3.4, for f ∈ V (q)∨m ⊠ V (s)n we have
‖f‖2
λ,1(q)⊠τ
(s)
k
‖f‖2
F,1(q)⊠τ
(s)
k
=
(λ)k
(λ)n
=
∏s
j=1(λ− (j − 1))kj∏s
j=1(λ− (j − 1))nj
.
We summarize this subsection.
Theorem 4.3. When G = SU(q, s) (q ≥ s), and (τ, V ) = (1(q)⊠τ (s)
k
,C⊗V (s)
k
) (k ∈ Zs++),
‖ · ‖2λ,τ converges if Reλ+ ks > q + s− 1, the normalizing constant cλ is given by
cλ =
s∏
j=1
(λ− (j − 1) + kj − q)q,
the K-type decomposition of O(D,V )K is given by
P(p+)⊗
(
C⊠ V
(s)
k
)
=
⊕
m∈Zs++
⊕
n∈m+wt(k)
cnk,mV
(q)∨
m ⊠ V
(s)
n ,
and for f ∈ V (q)∨m ⊠ V (s)n , the ratio of norms is given by
‖f‖2
λ,1(q)⊠τ
(s)
k
‖f‖2
F,1(q)⊠τ
(s)
k
=
∏s
j=1(λ− (j − 1))kj∏s
j=1(λ− (j − 1))nj
=
1∏s
j=1(λ− (j − 1) + kj)nj−kj
.
4.4 SO∗(4r)
In this subsection we set G = SO∗(4r). Then we have
K ≃ U(2r), p± ≃ Skew(2r,C), L ≃ GL(r,H), KL ≃ Sp(r),
r = r, n = r(2r − 1), d = 4, p = 2(2r − 1).
We want to calculate the norm ‖ · ‖λ,τ of O(D,V ) in the case V = V ∨(k,0,...,0) ≃ Sk(Cr)∨,
or V = V ∨
(k2 ,...,
k
2
,− k
2 )
≃ Sk(Cr) ⊗ det−k/2 (k = 0, 1, 2 . . .) (the latter is not defined as the
representation of U(2r) if k is odd, so in this case we consider the double covering group
K = U˜2(r) ⊂ G = S˜O∗2(4r) ⊂ Spin(4r,C)). These V have the restricted lowest weight
− k2γ1
∣∣
al
and − k2 (γ1 + · · · + γr−1)
∣∣
al
respectively. Also, these V remain irreducible even
if restricted to KL = Sp(r), i.e. satisfy assumption (A1’) of corollary 3.4.
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First, we deal with V = V ∨(k,0,...,0) case. Then ‖ · ‖2λ,τ∨
(k,0,...,0)
converges if Reλ > 4r − 3,
and the normalizing constant cλ is given by
cλ =
ΓΩ(λ+ (k, 0, . . . , 0))
ΓΩ(λ+ (k, 0, . . . , 0)− (2r − 1)) = (λ+ k)2r−1
r∏
j=2
(λ− 2(j − 1)− (2r − 1))2r−1.
To begin with, we compute the K-type decomposition of O(D,V )K = P(p+)⊗ V ∨(k,0,...,0).
To do this, we quote the following lemma.
Lemma 4.4 ([29, §79, Example 4]).
V ∨m ⊗ V ∨(k,0,...,0) =
⊕
k∈(Z≥0)2r , |k|=k
0≤kj≤mj−1−mj
V ∨m+k.
Using this and Theorem 2.1, we get
P(p+)⊗ V ∨(k,0,...,0) =
⊕
m∈Zr++
V ∨(m1,m1,m2,m2,...,mr,mr) ⊗ V ∨(k,0,...,0)
=
⊕
m∈Zr++
⊕
k∈(Z≥0)r , |k|=k
0≤kj≤mj−1−mj
V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr ,mr).
Next, for eachK-type V ∨(m1+k1,m1,...,mr+kr ,mr), we compute the tensor product with V
∨
(k,0,...,0) ≃
V ∨(k,0,...,0).
V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr ,mr) ⊗ V ∨(k,0,...,0)
=
⊕
l∈(Z≥0)2r , |l|=k
0≤l2j−1≤mj−1−mj−kj
0≤l2j≤kj
V ∨(m1+k1+l1,m1+l2,m2+k2+l3,m2+l4,...,mr+kr+l2r−1,mr+l2r).
By Theorem 2.2, V ∨(m1+k1+l1,m1+l2,...,mr+kr+l2r−1,mr+l2r) is KL-spherical if and only if the
(2j−1)-th component of its lowest weight is equal to the 2j-th component for each j, that is,
l2j−1 = 0 and l2j = kj . Thus, the onlyKL-spherical submodule in V ∨(m1+k1,m1,...,mr+kr,mr)⊗
V ∨(k,0,...,0) is V
∨
(m1+k1,m1+k1,...,mr+kr,mr+kr)
, and V ∨(m1+k1,m1,...,mr+kr,mr) satisfies the assump-
tion (A2’) of Corollary 3.4 with n = m + k. Therefore by Corollary 3.4, for f ∈
V ∨(m1+k1,m1,...,mr+kr,mr) we have
‖f‖2λ,τ∨
(k,0,...,0)
‖f‖2F,τ∨
(k,0,...,0)
=
(λ)(k,0,...,0)
(λ)m+k
=
(λ)k∏r
j=1(λ− 2(j − 1))mj+kj
.
Second, we deal with V = V ∨
( k2 ,...,
k
2
,− k
2 )
case. Then ‖ · ‖2λ,τ∨
(k,0,...,0)
converges if Reλ >
4r − 3, and the normalizing constant cλ is given by
cλ =
ΓΩ(λ+ (k, . . . , k, 0))
ΓΩ(λ+ (k, . . . , k, 0) − (2r − 1))
=
r−1∏
j=1
(λ− 2(j − 1) + k − (2r − 1))2r−1(λ− 2(r − 1)− (2r − 1))2r−1.
26
Similar to the previous arguments,K-type decomposition ofO(D,V )K = P(p+)⊗V ∨(k2 ,..., k2 ,− k2 )
is given by
P(p+)⊗ V ∨(k2 ,..., k2 ,− k2 ) =
⊕
m∈Zr++
V ∨(m1,m1,m2,m2,...,mr ,mr) ⊗ V ∨(0,...,0,−k) ⊗ V ∨( k2 ,..., k2 )
=
⊕
m∈Zr++
⊕
k∈(Z≥0)r , |k|=k
0≤kj≤mj−mj+1
V ∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr)+(k2 ,..., k2 )
,
and for each K-type, we can show that the only KL-spherical submodule in
V ∨
(m1,m1−k1,...,mr,mr−kr)+( k2 ,..., k2 )
⊗ V ∨
(k2 ,...,
k
2
,− k
2 )
is V ∨(m1−k1,m1−k1,...,mr−kr,mr−kr)+(k,...,k). Thus V
∨
(m1,m1−k1,...,mr ,mr−kr)+( k2 ,..., k2 )
satisfies the
assumption (A2’) of Corollary 3.4 with n = m − k + (k, . . . , k). Therefore by Corollary
3.4, for f ∈ V ∨
(m1,m1−k1,...,mr,mr−kr)+( k2 ,..., k2 )
we have
‖f‖2λ,τ∨
(k/2,...,k/2,−k/2)
‖f‖2
F,τ∨
(k/2,...,k/2,−k/2)
=
(λ)(k,...,k,0)
(λ)m−k+k
=
∏r−1
j=1(λ− 2(j − 1))k∏r
j=1(λ− 2(j − 1))mj−kj+k
.
We summarize this subsection.
Theorem 4.5. When G = SO∗(4r), and (τ, V ) = (τ∨(k,0,...,0), V
∨
(k,0,...,0)), ‖ · ‖2λ,τ converges
if Reλ > 4r − 3, the normalizing constant cλ is given by
cλ = (λ+ k)2r−1
r∏
j=2
(λ− 2(j − 1)− (2r − 1))2r−1,
the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨(k,0,...,0) =
⊕
m∈Zr++
⊕
k∈(Z≥0)r , |k|=k
0≤kj≤mj−1−mj
V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr ,mr),
and for f ∈ V ∨(m1+k1,m1,m2+k2,m2,...,mr+kr,mr), the ratio of norms is given by
‖f‖2λ,τ∨
(k,0,...,0)
‖f‖2
F,τ∨
(k,0,...,0)
=
(λ)k∏r
j=1(λ− 2(j − 1))mj+kj
=
1
(λ+ k)m1+k1−k
∏r
j=2(λ− 2(j − 1))mj+kj
.
When G = SO∗(4r), and (τ, V ) = (τ∨(k/2,...,k/2,−k/2), V
∨
(k/2,...,k/2,−k/2)), ‖ · ‖2λ,τ converges
if Reλ > 4r − 3, the normalizing constant cλ is given by
cλ =
r−1∏
j=1
(λ− 2(j − 1) + k − (2r − 1))2r−1(λ− 2(r − 1)− (2r − 1))2r−1,
the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V ∨(k2 ,..., k2 ,− k2 ) =
⊕
m∈Zr++
⊕
k∈(Z≥0)r , |k|=k
0≤kj≤mj−mj+1
V ∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr)+(k2 ,..., k2 )
,
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and for f ∈ V ∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr)+(k2 ,..., k2 )
, the ratio of norms is given by
‖f‖2λ,τ∨
(k/2,...,k/2,−k/2)
‖f‖2
F,τ∨
(k/2,...,k/2,−k/2)
=
∏r−1
j=1(λ− 2(j − 1))k∏r
j=1(λ− 2(j − 1))mj−kj+k
=
1∏r−1
j=1(λ+ k − 2(j − 1))mj−kj(λ− 2(r − 1))mr−kr+k
.
4.5 Spin0(2, n)
In this subsection we set G = Spin0(2, n), the identity component of the indefinite spin
group. This is of tube type, and we have
K ≃ (Spin(2)× Spin(n))/{(1, 1), (−1,−1)}, p± ≃ Cn,
r = 2, n = n, d = n− 2, p = n.
Let π : KC = (Spin(2,C)× Spin(n,C))/{(1, 1), (−1,−1)} → SO(2,C)× SO(n,C) be the
covering map. Then we have
π(L) ≃ SO0(1, 1) × SO0(1, n − 1) ∪ SO−(1, 1) × SO−(1, n − 1),
π(KL) ≃ {+I2} × SO(n− 1) ∪ {−I2} ×O−(n− 1),
where SO−(p, q), O−(q) are the connected component of SO(p, q), O(q) which does not
contain the unit element. Each representation of KC is of the form (χm0⊠τ
[n]
m ,Cm0⊗V [n]m ),
and sometimes we abbreviate this to (τ(m0;m), V(m0;m)).
Now we want to calculate the norm ‖ · ‖λ,τ of O(D,V ) in the case
(τ, V ) =
{
(χ−k ⊠ τ(k,...,k,±k),C−k ⊗ V(k,...,k,±k))
(
k ∈ 12Z≥0
)
(n : even),
(χ−k ⊠ τ(k,...,k),C−k ⊗ V(k,...,k))
(
k = 0, 12
)
(n : odd).
These (τ, V ) have the restricted lowest weight −kγ1, and remain irreducible even if re-
stricted to KL, i.e. satisfy assumption (A1’) of corollary 3.4. Thus ‖ · ‖2λ,τ converges if
Reλ > n− 1, and the normalizing constant cλ is given by
cλ =
ΓΩ(λ+ (k, 0))
ΓΩ
(
λ+ (k, 0) − n2
) = Γ (λ+ k) Γ (λ− n−22 )
Γ
(
λ+ k − n2
)
Γ (λ− (n− 1)) .
First we compute the K-type decomposition of O(D,V )K = P(p+)⊗V . To do this, we use
the following lemma, which comes from the “multi-minuscule rule” [24, Corollary 2.16].
Lemma 4.6. (1) Let m ∈ Z≥0 and k ∈ 12Z≥0. For two representations V(m,0,...,0) and
V(k,...,k,±k) of so(2s,C),
V(m,0,...,0) ⊗ V(k,...,k,±k) =
k⊕
l=max{−k,k−m}
V(m+l,k,...,k,±l)
(double sign corresponds) holds.
(2) Let m ∈ Z>0. For two representations V(m,0,...,0) and V( 12 ,..., 12) of so(2s+ 1,C),
V(m,0,...,0) ⊗ V( 12 ,..., 12) = V(m+ 12 , 12 ,..., 12) ⊕ V(m− 12 , 12 ,..., 12)
holds.
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By Theorem 2.1,
P(p+) =
⊕
m∈Z2++
C−(m1+m2) ⊠ V(m1−m2,0,...,0)
holds, and combining with the above lemma, we have
P(p+)⊗ (C−k ⊠ V(k,...,k,±k)) = ⊕
m∈Z2++
⊕
−k≤l≤k
m1−m2+l≥k
C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,±l)
for n = 2s even case, k ∈ 12Z≥0, and
P(p+)⊗ (C−k ⊠ V(k,...,k)) = ⊕
m∈Z2++
⊕
−k≤l≤k
m1−m2+l≥k
C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,|l|)
for n = 2s+ 1 odd case, k = 0, 12 .
Second, we seek KL-spherical subspace in the tensor product of each K-type and V¯ .
To begin with, we deal with n = 2s even, V = V(−k;k,...,k,k) case. Suppose
V(−(n1+n2):n1−n2,0,...,0) ⊂ V(−(m1+m2+k);m1−m2+l,k,...,k,l) ⊗ V(−k;k,...,k),
where (n1, n2) ∈ Z2+. This implies that (−(n1 + n2) + (m1 +m2 + k); (n1 − n2) − (m1 −
m2+ l),−k, . . . ,−k,−l) is a weight of V(−k;k,...,k). However, the weight of this form is only
(−k; l,−k, . . . ,−k,−l), since V(−k;k,...,k,k) has the lowest weight (−k;−k, . . . ,−k, k), and
root vectors xε1−εs , xε1+εs ∈ so(2s) commute with each other. Therefore we have{
(n1 + n2)− (m1 +m2 + k) = k,
(n1 − n2)− (m1 −m2 + l) = l. ∴
{
n1 = m1 + k + l,
n2 = m2 + k − l.
Thus all KL-spherical irreducible submodule in V(−(m1+m2+k);m1−m2+l,k,...,k,l)⊗V(−k;k,...,k)
have the same lowest weight −(n1γ1 + n2γ2) with (n1, n2) = (m1 + k + l,m2 + k − l),
and all K-types satisfy the assumption (A2’) of Corollary 3.4. The same argument holds
for V = V(−k;k,...,k,−k) case, and also for n odd case, noting that only k = 0, 12 is allowed,
and n1, n2 ∈ Z. Therefore by Corollary 3.4, for f ∈ V(−(m1+m2+k);m1−m2+l,k,...,k,±l) or
V(−(m1+m2+k);m1−m2+l,k,...,k,|l|), we have
‖f‖2λ,τ
‖f‖2F,τ
=
(λ)(2k,0)
(λ)(m1+k+l,m2+k−l)
=
(λ)2k
(λ)m1+k+l
(
λ− n−22
)
m2+k−l
.
We summarize this subsection.
Theorem 4.7. When G = Spin0(2, n) and
(τ, V ) =
{
(χ−k ⊠ τ(k,...,k,±k),C−k ⊗ V(k,...,k,±k))
(
k ∈ 12Z≥0
)
(n : even),
(χ−k ⊠ τ(k,...,k),C−k ⊗ V(k,...,k))
(
k = 0, 12
)
(n : odd),
‖ · ‖2λ,τ converges if Reλ > n− 1, the normalizing constant cλ is given by
cλ =
Γ (λ+ k) Γ
(
λ− n−22
)
Γ
(
λ+ k − n2
)
Γ (λ− (n− 1)) ,
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the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V =

⊕
m∈Z2++
⊕
−k≤l≤k
m1−m2+l≥k
C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,±l) (n : even),
⊕
m∈Z2++
⊕
−k≤l≤k
m1−m2+l≥k
C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,|l|) (n : odd),
and for f ∈ C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,±l) or C−(m1+m2+k) ⊠ V(m1−m2+l,k,...,k,|l|), the
ratio of norms is given by
‖f‖2λ,τ
‖f‖2F,τ
=
(λ)2k
(λ)m1+k+l
(
λ− n−22
)
m2+k−l
=
1
(λ+ 2k)m1−k+l
(
λ− n−22
)
m2+k−l
.
5 Norm computation: Non-tube type case
When G is of non-tube type, we cannot compute the norm by just using Theorem 3.1,
because it is difficult to determine the constants aij in Theorem 3.1. Thus we have to use
other informations to compute the norm. In this section we compute the norm in the case
• (G,V ) = (SU(q, s),C ⊠ V ′) (q < s), by direct computation,
• (G,V ) = (SO∗(4r+2), Sk(C2r+1)∨), by using the embedding SO∗(4r+2) ⊂ SO∗(4r+
4),
• (G,V ) = (SO∗(4r + 2), Sk(C2r+1) ⊗ det−k/2), by combining Theorem 3.1 and the
embedding SU(1, 2r) ⊂ SO∗(4r + 2).
Also, for G = E6(−14), we try to compute the norm as best we can, by using Theorem 3.1.
5.1 Explicit realization of G
Before starting the computation, we fix the realization of G = SU(q, s), SO∗(2s). We
realize SU(q, s), SO∗(2s) as
SU(q, s) :=
{
g ∈ SL(q + s,C) : g
(
Iq 0
0 −Is
)
g∗ =
(
Iq 0
0 −Is
)}
, (5.1)
SO∗(2s) :=
{
g ∈ GL(2s,C) : g
(
0 Is
Is 0
)
tg =
(
0 Is
Is 0
)
, g
(
0 Is
−Is 0
)
=
(
0 Is
−Is 0
)
g¯
}
,
(5.2)
and realize KC, p± as
KC :=
{(
a 0
0 d
)
:
(a, d) ∈ S(GL(q,C)×GL(s,C)) (G = SU(q, s))
a ∈ GL(s,C), d = ta−1 (G = SO∗(2s))
}
,
p+ :=
{(
0 b
0 0
)
:
b ∈M(q, s;C) (G = SU(q, s))
b ∈ Skew(s,C) (G = SO∗(2s))
}
,
p− :=
{(
0 0
c 0
)
:
c ∈M(s, q;C) (G = SU(q, s))
c ∈ Skew(s,C) (G = SO∗(2s))
}
.
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Then under the identification p+ ≃M(q, s;C) or Skew(2s,C) by
(
0 b
0 0
)
7→ b, we have
D ={w ∈M(q, s;C) : Iq − ww∗ is positive definite.} (G = SU(q, s)), (5.3)
D ={w ∈ Skew(s,C) : Is − ww∗ is positive definite.} (G = SO∗(2s)). (5.4)
For a representation (τ1 ⊠ τ2, V1 ⊗ V2) of KC = S(GL(q,C) × GL(s,C)), the universal
covering group S˜U(q, s) acts on O(D,V1 ⊗ V2) by
τλ
((
a b
c d
)−1)
f(w) = det(cw + d)−λ
(
τ1 (a
∗ + wb∗)⊠ τ2
(
(cw + d)−1
))
× f ((aw + b)(cw + d)−1) , (5.5)
and for a representation (τ, V ) of KC = GL(s,C), the universal covering group S˜O∗(2s)
acts on O(D,V ) by
τλ
((
a b
c d
)−1)
f(w) = det(cw + d)−λ/2τ
(
t(cw + d)
)
f
(
(aw + b)(cw + d)−1
)
, (5.6)
We note that we have the identities, for w ∈M(q, s;C) and
(
a b
c d
)
∈ U(q, s),
det(Iq − ww∗) = det(Is − w∗w), det(a∗ +wb∗) = det
(
a b
c d
)−1
det(cw + d).
Therefore, on SU(q, s), det(a∗+wb∗) = det(cw+d) holds. We also note that det(cw+d)−λ
is not well-defined on G for general λ ∈ C, but is well-defined on the universal covering
group G˜. These representations preserve the inner product
〈f, g〉λ,τ = cλ
πqs
∫
D
((
τ1
(
(Iq − ww∗)−1
)
⊠ τ2 (Is − w∗w)
)
f(w), g(w)
)
τ1⊠τ2
× det(Iq − ww∗)λ−(q+s)dw, (5.7)
〈f, g〉λ,τ = cλ
πs(s−1)/2
∫
D
(
τ
(
(Is − ww∗)−1
)
f(w), g(w)
)
τ
det(Is − ww∗)
1
2
(λ−2(s−1))dw.
(5.8)
respectively. Let h ⊂ g be the subspace which consists of all diagonal matrices, and define
the linear form εi on h
C by εi(Ejj) = δij . We define the positive system ∆+(g
C, hC) as in
Section 4.1.
5.2 SU(q, s)
In this subsection we set G = SU(q, s), with q < s, which is realized explicitly as (5.1).
Then we have
K ≃ S(U(q)× U(s)), p± ≃M(q, s;C), GT ≃ SU(q, q), KT ≃ S(U(q)× U(q)),
L ≃ {l ∈ GL(q,C) : det l ∈ R×}, KL ≃ {k ∈ U(q) : det k = ±1},
r = q, n = qs, d = 2, p = q + s.
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We set (τ, V ) = (τ
(q)∨
0
⊠ τ
(s)
k
, V
(q)∨
0
⊗ V (s)
k
) = (1(q) ⊠ τ
(s)
k
,C ⊗ V (s)
k
) (k ∈ Zs++). In this
case, the inner product is given by
〈f, g〉
λ,1(q)⊠τ
(s)
k
=
cλ
πqs
∫
D
((
τ
(s)
k
(Is −w∗w)
)
f(w), g(w)
)
τ
(s)
k
det(Is − w∗w)λ−(q+s)dw.
The goal of this subsection is to prove the following theorem.
Theorem 5.1. When G = SU(q, s) (q < s) and (τ, V ) = (1(q)⊠τ
(s)
k
,C⊗V (s)
k
) (k ∈ Zs++),
‖ · ‖2λ,τ converges if Reλ+ ks > q + s− 1, the normalizing constant cλ is given by
cλ =
s∏
j=1
(λ− (j − 1) + kj − q)q,
the K-type decomposition of O(D,V )K is given by
P(p+)⊗
(
C⊠ V
(s)
k
)
=
⊕
m∈Zq++
⊕
n∈m+wt(k)
cnk,mV
(q)∨
m ⊠ V
(s)
n ,
and for f ∈ V (q)∨m ⊠ V (s)n , the ratio of norms is given by
‖f‖2
λ,1(q)⊠τ
(s)
k
‖f‖2
F,1(q)⊠τ
(s)
k
=
∏s
j=1(λ− (j − 1))kj∏s
j=1(λ− (j − 1))nj
=
1∏s
j=1(λ− (j − 1) + kj)nj−kj
.
Before beginning the proof, we prepare some more notations. For k ∈ N, m ∈ Ck and
for x ∈M(k,C), we write
∆m(x) :=
k−1∏
l=1
det ((xij)1≤i,j≤l)
ml−ml+1 det(x)mk .
For k ∈ N, let Qk ⊂ GL(k,C) be the set of upper triangular matrices with positive diagonal
entries. Then for l1, l2 ∈ Qk, m ∈ Ck, ∆m(l1)∆m(l2) = ∆m(tl1l2) holds, and for l1 ∈ Qk,
l2 ∈M(k, l;C), l3 ∈ Ql and m ∈ Ck, n ∈ Cl, ∆m(l1)∆n(l3) = ∆(m,n)
(
l1 l2
0 l3
)
holds. Also
we set
(p+T)
⊥ :=M(q, s− q;C),
Ω := {x ∈ Herm(q,C) : x is positive definite.},
Ω˜ := {x ∈ Herm(s,C) : x is positive definite.}.
Now we start the proof. To begin with, we compute the K-type decomposition of
O(D,V )K = P(p+)⊗
(
C⊠ V
(s)
k
)
.
P(p+)⊗
(
C⊠ V
(s)
k
)
=
⊕
m∈Zq++
(
V
(q)∨
m ⊠ V
(s)
m
)
⊗
(
C⊠ V
(s)
k
)
=
⊕
m∈Zq++
⊕
n∈m+wt(k)
cnk,mV
(q)∨
m ⊠ V
(s)
n .
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where V
(s)
m is the abbreviation of V
(s)
(m1,...,mq ,0,...,0)
, wt(k) is the set of all weights in the
GL(s,C)-module V
(s)
k
, and cn
k,m are some non-negative integers. We note that, for n ∈
Z
s
++, there exists m ∈ Zq++ such that cnk,m 6= 0 if and only if
nj ≥ kj (1 ≤ j ≤ q) and kj−q ≤ nj ≤ kj (j ≥ q + 1),
which can be proved by using Littlewood-Richardson rule.
For each K-type V
(q)∨
m ⊠ V
(s)
n , let Km,n(z, w) ∈ P(p+ × p+,End(V (s)k )) be the repro-
ducing kernel of the KCT-submodule V
(q)∨
m ⊠V
(q)
n′
⊂ V (q)∨m ⊠V (s)n , where n′ := (n1, . . . , nq) ∈
Z
q
++. Then since V
(q)∨
m ⊠ V
(q)
n′
⊂ V (q)∨m ⊠ V (s)n is the lowest submodule, we have
τ
(s)
k
(
l2 l3
0 l4
)
Km,n
(
l1z
(
l2 l3
0 l4
)
, l∗−11 w
(
l∗−12 l5
0 l6
))
τ
(s)
k
(
l−12 0
l∗5 l
∗
6
)
= ∆n′′(l
∗
6l4)Km,n(z, w)
(z, w ∈M(q, s;C), l1, l2 ∈ GL(q,C), l3, l5 ∈M(q, s− q;C), l4, l6 ∈ Qs−q),
where n′′ := (ns−q+1, . . . , ns). Using this Km,n(z, w), we can rewrite the ratio of norms.
That is, for f ∈ V (q)∨m ⊠ V (s)n , the ratio of norms ‖f‖2
λ,1(q)⊠τ
(s)
k
/‖f‖2
F,1(q)⊠τ
(s)
k
is equal to
Rm,n(λ) :=
cλ
∫
D
Tr
V
(s)
k
(
τ
(s)
k
(Is −w∗w)Km,n(w,w)
)
det(Is − w∗w)λ−(q+s)dw∫
p+
Tr
V
(s)
k
(Km,n(w,w))e
− tr(w∗w)dw
.
Now similarly to Lemma 3.2, for any non-negative measurable function f on M(q, s;C),
we have
1
πqs
∫
p+
f(w)dw =
1
ΓΩ(q)
∫
x∈Ω,y∈(p+T)⊥
k1,k2∈U(q)
f((k1x
1
2 k2, k1y))dk1dk2dxdy.
Using this and the KT-invariance of Km,n(z, w)
Km,n((k1x
1
2k2, k1y), (k1x
1
2k2, k1y))
=τ
(s)
k
(
k−12 0
0 Is−q
)
Km,n((x
1
2 , y), (x
1
2 , y))τ
(s)
k
(
k2 0
0 Is−q
)
(x ∈ Ω, y ∈ (p+T)⊥, k1, k2 ∈ U(q)),
we have
Rm,n(λ) =
cλ
∫
x∈Ω,y∈(p+T)⊥
(x1/2,y)∈D
Tr
V
(s)
k
(
τ
(s)
k
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))
Km,n((x
1
2 , y), (x
1
2 , y))
)
× det
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))λ−(q+s)
dxdy∫
x∈Ω,y∈(p+T)⊥
Tr
V
(s)
k
(Km,n((x
1
2 , y), (x
1
2 , y)))e
− tr
(
x x1/2y
y∗x1/2 y∗y
)
dxdy
.
Km,n((x
1
2 , y), (x
1
2 , y)) is transformed as below.
Km,n((x
1
2 , y), (x
1
2 , y)) =Km,n
(
x−
1
2 (x, 0)
(
Iq x
−1/2y
0 Is−q
)
, x
1
2 (Iq, 0)
(
Iq x
−1/2y
0 Is−q
))
=τ
(s)
k
(
Iq −x−1/2y
0 Is−q
)
Km,n((x, 0), (Iq , 0))τ
(s)
k
(
Iq 0
−y∗x−1/2 Is−q
)
.
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Then Km,n((·, 0), (Iq , 0)) is KL = diag({±1} × SU(q))-invariant under the representation
τ˜ of KCT on P(p+T ,End(V (s)k )) = P(M(q, s),End(V (s)k )),
(τ˜(l1, l2))F (x) := τ
(s)
k
(
l2 0
0 Is−q
)
F (l−11 xl2)τ
(s)
k
(
l−11 0
0 Is−q
)
.
That is, Km,n((·, 0), (Iq , 0)) ∈
((
V
(q)∨
m ⊠ V
(q)
n′
)
⊗
(
V
(s)∨
k
∣∣∣
U(q)
⊠ C
))KL
= V
(q)∨
n′
⊠ V
(q)
n′
.
Therefore there exists an Fm,n(x) ∈ P(p+T ,End(V (s)k )) such that∫
U(q)
τ
(s)
k
(
k 0
0 Is−q
)
Fm,n(k
−1xk)τ (s)
k
(
k−1 0
0 Is−q
)
dk = Km,n((x, 0), (Iq , 0)),
τ
(s)
k
(
l2 0
0 l4
)
Fm,n(
tl1xl2)τ
(s)
k
(
tl1 0
0 tl3
)
= ∆n′(
tl1l2)∆n′′(
tl3l4)Fm,n(x)
(x ∈ p+T , l1, l2 ∈ Qq, l3, l4 ∈ Qs−q).
We define
F˜m,n(x, y) := τ
(s)
k
(
Iq −x−1/2y
0 Is−q
)
Fm,n(x)τ
(s)
k
(
Iq 0
−y∗x−1/2 Is−q
)
.
Then we have
Rm,n(λ) =
cλ
∫
x∈Ω,y∈(p+T)⊥
(x1/2,y)∈D
Tr
V
(s)
k
(
τ
(s)
k
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))
F˜m,n(x, y)
)
× det
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))λ−(q+s)
dxdy∫
x∈Ω,y∈(p+T)⊥
Tr
V
(s)
k
(F˜m,n(x, y))e
− tr
(
x x1/2y
y∗x1/2 y∗y
)
dxdy
.
We set
Bm,n(λ) :=
∫
x∈Ω,y∈(p+T)⊥
(x1/2,y)∈D
Tr
V
(s)
k
(
τ
(s)
k
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))
F˜m,n(x, y)
)
× det
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))λ−(q+s)
dxdy,
Γm,n :=
∫
x∈Ω,y∈(p+T)⊥
Tr
V
(s)
k
(F˜m,n(x, y))e
− tr
(
x x1/2y
y∗x1/2 y∗y
)
dxdy,
so that Rm,n(λ) = cλBm,n(λ)/Γm,n. We want to compute Bm,n(λ) explicitly. To do this,
similarly to (3.3), for z ∈ Ω˜ we define
J(z) :=
∫
E(z)
Tr
V
(s)
k
(
τ
(s)
k
(
z −
(
x′ (x′)1/2y′
(y′)∗(x′)1/2 (y′)∗y′
))
F˜m,n(x
′, y′)
)
× det
(
z −
(
x′ (x′)1/2y′
(y′)∗(x′)1/2 (y′)∗y′
))λ−(q+s)
dx′dy′,
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where
E(z) :=
{
(x, y) ∈ Ω× (p+T)⊥ : z −
(
x x1/2y
y∗x1/2 y∗y
)
is positive definite.
}
,
so that E(Is) coincides with the domain of integration of Bm,n(λ), and J(Is) = Bm,n(λ)
holds. To compute E(z), we take l1 ∈ Qq, l2 ∈M(q, s− q;C) and l3 ∈ Qs−q such that
z =
(
l∗1 0
l∗2 l
∗
3
)(
l1 l2
0 l3
)
,
and we change variables x, y to
x′ = l∗1xl1, y
′ = (l∗1xl1)
−1/2l∗1x
1/2(yl3 + x
1/2l2),
so that(
x′ (x′)1/2y′
(y′)∗(x′)1/2 (y′)∗y′
)
=
(
l∗1xl1 l
∗
1x
1/2(yl3 + x
1/2l2)
(l∗3y
∗ + l∗2x
1/2)x1/2l1 (l
∗
3y
∗ + l∗2x
1/2)(yl3 + x
1/2l2)
)
=
(
l∗1 0
l∗2 l
∗
3
)(
x x1/2y
y∗x1/2 y∗y
)(
l1 l2
0 l3
)
.
Then under this change of variables, we have
τ
(s)
k
(
l1 l2
0 l3
)
F˜m,n(x
′, y′)τ (s)
k
(
l∗1 0
l∗2 l
∗
3
)
=τ
(s)
k
(
l1 l2
0 l3
)
τ
(s)
k
(
Iq −(x′)−1/2y′
0 Is−q
)
Fm,n(x
′)τ (s)
k
(
Iq 0
−(y′)∗(x′)−1/2 Is−q
)
τ
(s)
k
(
l∗1 0
l∗2 l
∗
3
)
=τ
(s)
k
(
l1 l2
0 l3
)
τ
(s)
k
(
Iq −l−11 x−1/2(yl3 + x1/2l2)
0 Is−q
)
Fm,n(l
∗
1xl1)
× τ (s)
k
(
Iq 0
−(l∗3y∗ + l∗2x1/2)x−1/2l∗−11 Is−q
)
τ
(s)
k
(
l∗1 0
l∗2 l
∗
3
)
=τ
(s)
k
(
Iq −x−1/2y
0 Is−q
)
τ
(s)
k
(
l1 0
0 l3
)
Fm,n(l
∗
1xl1)τ
(s)
k
(
l∗1 0
0 l∗3
)
τ
(s)
k
(
Iq 0
−y∗x−1/2 Is−q
)
=∆n
((
l∗1 0
l∗2 l
∗
3
)(
l1 l2
0 l3
))
F˜m,n(x, y).
Thus we can compute J(z) as
J(z) =
∫
E(Is)
Tr
V
(s)
k
(
τ
(s)
k
((
l∗1 0
l∗2 l
∗
3
)(
Is −
(
x x1/2y
y∗x1/2 y∗y
))(
l1 l2
0 l3
))
F˜m,n(x
′, y′)
)
× det
((
l∗1 0
l∗2 l
∗
3
)(
Is −
(
x x1/2y
y∗x1/2 y∗y
))(
l1 l2
0 l3
))λ−(q+s)
× det(l1)2q det(l3)2qdxdy
=
∫
E(Is)
Tr
V
(s)
k
(
τ
(s)
k
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))
F˜m,n(x, y)
)
× det
(
Is −
(
x x1/2y
y∗x1/2 y∗y
))λ−(q+s)
∆λ+n−s
((
l∗1 0
l∗2 l
∗
3
)(
l1 l2
0 l3
))
dxdy
=Bm,n(λ)∆λ+n−s(z).
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Next we compute
∫
Ω˜ J(z)e
− tr(z)dz in two ways.∫
Ω˜
J(z)e− tr(z)dz = Bm,n(λ)
∫
Ω˜
∆λ+n−s(z)e− tr(z) = Bm,n(λ)ΓΩ˜(λ+ n),∫
Ω˜
J(z)e− tr(z)dz
=
∫∫
E(z)
Tr
V
(s)
k
(
τ
(s)
k
(
z −
(
x′ (x′)1/2y′
(y′)∗(x′)1/2 (y′)∗y′
))
F˜m,n(x
′, y′)
)
× det
(
z −
(
x′ (x′)1/2y′
(y′)∗(x′)1/2 (y′)∗y′
))λ−(q+s)
e− tr(z)dx′dy′dz
=
∫∫
x′∈Ω,y′∈(p+T)⊥,
z′∈Ω˜
Tr
V
(s)
k
(
τ
(s)
k
(z′)F˜m,n(x′, y′)
)
det(z′)λ−(q+s)e
− tr
(
z′+
(
x′ (x′)1/2y′
(y′)∗(x′)1/2 (y′)∗y′
))
dx′dy′dz′
=Tr
V
(s)
k
(∫
Ω˜
τ
(s)
k
(z) det(z)λ−(q+s)e− tr(z)dz
∫
Ω×(p+T)⊥
F˜m,n(x, y)e
− tr
(
x x1/2y
y∗x1/2 y∗y
)
dxdy
)
.
Since V
(s)
k
is U(s)-invariant and
∫
Ω˜ τ
(s)
k
(z) det(z)λ−(q+s)e− tr(z)dz commutes with U(s)-
action, this is proportional to the identity map. Also, similar to (3.8), we can show∫
Ω˜
τ
(s)
k
(z) det(z)λ−(q+s)e− tr(z)dz = ΓΩ˜(λ+ k− q)IV (s)
k
when Reλ+ ks > q + s− 1. Therefore we have∫
Ω˜
J(z)e− tr(z)dz = ΓΩ˜(λ+ k− q)
∫
Ω×(p+T)⊥
Tr
V
(s)
k
(F˜m,n(x, y))e
− tr
(
x x1/2y
y∗x1/2 y∗y
)
dxdy
= ΓΩ˜(λ+ k− q)Γm,n,
and thus we get
Bm,n(λ) =
ΓΩ˜(λ+ k− q)
ΓΩ˜(λ+ n)
Γm,n,
Rm,n(λ) = cλ
Bm,n(λ)
Γm,n
= cλ
ΓΩ˜(λ+ k− q)
ΓΩ˜(λ+ n)
.
Since the norm is normalized so that R0,k(λ) = 1, we have
cλ =
ΓΩ˜(λ+ k)
ΓΩ˜(λ+ k− q)
=
s∏
j=1
(λ− (j − 1) + kj − q)q,
and consequently we get
Rm,n(λ) =
ΓΩ˜(λ+ k)
ΓΩ˜(λ+ n)
=
∏s
j=1(λ− (j − 1))kj∏s
j=1(λ− (j − 1))nj
,
and we have completed the proof of Theorem 5.1.
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5.3 SO∗(4r + 2), V = Sk(C2r+1)∨
In this subsection we set G = SO∗(4r + 2), which is realized explicitly as (5.2) with
s = 2r + 1. Then we have
K ≃ U(2r + 1), p± ≃ Skew(2r + 1,C),
GT ≃ SO∗(4r), L ≃ GL(r,H), KL ≃ Sp(r),
r = r, n = r(2r + 1), d = 4, p = 4r.
We set V = V
(2r+1)∨
(k,0,...,0) ≃ Sk(C2r+1)∨. The goal of this subsection is to prove the following
theorem.
Theorem 5.2. When G = SO∗(4r+2) and (τ, V ) = (τ (2r+1)∨(k,0,...,0), V
(2r+1)∨
(k,0,...,0)), ‖·‖2λ,τ converges
if Reλ > 4r − 1, the normalizing constant cλ is given by
cλ = (λ− (2r + 1))(λ + k − 2r)2r
r∏
j=2
(λ− (2r + 1)− 2(j − 1))2r+1,
the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V (2r+1)∨(k,0,...,0) =
⊕
m∈Zr++
⊕
k∈(Z≥0)r+1;|k|=k
0≤kj≤mj−1−mj
V
(2r+1)∨
(m1+k1,m1,m2+k2,m2,...,mr+kr,mr ,kr+1)
,
and for f ∈ V (2r+1)∨(m1+k1,m1,m2+k2,m2,...,mr+kr,mr ,kr+1), the ratio of norms is given by
‖f‖2
λ,τ
(2r+1)∨
(k,0,...,0)
‖f‖2
F,τ
(2r+1)∨
(k,0,...,0)
=
(λ)k∏r
j=1(λ− 2(j − 1))mj+kj (λ− 2r)kr+1
=
1
(λ+ k)m1+k1−k
∏r
j=2(λ− 2(j − 1))mj+kj (λ− 2r)kr+1
.
To begin with, we determine the normalizing constant cλ. Since V |KCT is decomposed
as
V
(2r+1)∨
(k,0,...,0)
∣∣∣
KCT
=
k⊕
l=0
V
(2r)∨
(l,0,...,0),
and V
(2r)∨
(l,0,...,0) has the restricted lowest weight − l2γ1
∣∣
al
, and remains irreducible when re-
stricted to KL = Sp(r), by Theorem 3.1 ‖ · ‖2
λ,τ
(2r+1)∨
(k,0,...,0)
converges if Reλ > 4r − 1, and we
have
c−1λ =
1
dimV
(2r+1)∨
(k,0,...,0)
k∑
l=0
(
dimV
(2r)∨
(l,0,...,0)
) ΓΩ (λ+ (l, 0, . . . , 0)− (2r + 1))
ΓΩ(λ+ (l, 0, . . . , 0))
=
1(
2r+k
k
) k∑
l=0
(
2r+l−1
l
)
(λ+ l − (2r + 1))2r+1
1∏r
j=2(λ− (2r + 1)− 2(j − 1))2r+1
=
1
(λ− (2r + 1))(λ + k − 2r)2r
∏r
j=2(λ− (2r + 1)− 2(j − 1))2r+1
.
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To compute the norm on each K-type, we consider G′ := SO∗(4r+4), which is realized
explicitly as (5.2) with s = 2r + 2, and embed G →֒ G′ by
(
a b
c d
)
7−→

a 0 b 0
0 1 0 0
c 0 d 0
0 0 0 1
 (a, b, c, d ∈M(2r + 1,C)).
We realize (τ
(2r+1)∨
(k,0,...,0), V
(2r+1)∨
(k,0,...,0)) as
V
(2r+1)∨
(k,0,...,0) = Pk(C2r+1) = {Homogeneous holomorphic polynomials on C2r+1 of degree k},
τ
(2r+1)∨
(k,0,...,0)(l)p(v) = p(l
−1v) (l ∈ GL(2r + 1,C), v ∈ C2r+1, p ∈ Pk(C2r+1)),
with the inner product
(p1, p2)τ (2r+1)∨
(k,0,...,0)
:=
1
π2r+1
∫
C2r+1
p1(v)p2(v)e
−|v|2dv (p1, p2 ∈ Pk(C2r+1)).
Then G˜ = S˜O∗(4r + 2) acts on O(D,Pk(C2r+1)) by
τλ
((
a b
c d
)−1)
f(w, v) := det(cw + d)−λ/2f
(
(aw + b)(cw + d)−1, t(cw + d)−1v
)
(w ∈ D ⊂ Skew(2r + 1,C), v ∈ C2r+1).
On the other hand, the scalar type representation of G˜′ = S˜O∗(4r + 4) on O(D′) (D′ is
realized as (5.4) with s = 2r + 2) is given by
τ ′λ
((
a b
c d
)−1)
f(w) := det(cw + d)−λ/2f
(
(aw + b)(cw + d)−1
)
(w ∈ D′ ⊂ Skew(2r + 2,C)).
If we restrict this representation to G˜, we have
τ ′λ


a 0 b 0
0 1 0 0
c 0 d 0
0 0 0 1

−1f
(
w v
−tv 0
)
= det(cw + d)−λf
(
(aw + b)(cw + d)−1 t(cw + d)−1v
−tv(cw + d)−1 0
)
(w ∈ Skew(2r + 1,C), v ∈ C2r+1).
Therefore if we define the embedding map ι : O(D,Pk(C2r+1))→ O(D′) by
(ι(f))
(
w v
−tv 0
)
:= f(w, v) (w ∈ Skew(2r + 1,C), v ∈ C2r+1),
then ι intertwines two actions τλ and τ
′
λ|G˜. Also, since Fischer inner products on P(p+,Pk(C2r+1))
and P(p+′) (p+ = Skew(2r + 1,C), p+′ = Skew(2r + 2,C)) are given by
〈f, g〉
F,τ
(2r+1)∨
(k,0,...,0)
=
1
π(r+1)(2r+1)
∫
Skew(2r+1,C)
∫
C2r+1
f(w, v)g(w, v)e−
1
2
tr(ww∗)e−|v|
2
dvdw,
〈f, g〉F,1(2r+2) =
1
π(r+1)(2r+1)
∫
Skew(2r+2,C)
f(w)g(w)e−
1
2
tr(ww∗)dw,
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ι is an isometry with respect to the Fischer inner product.
Next, we compute theK-type decomposition ofO(D,Pk(C2r+1))K = P(p+)⊗Pk(C2r+1)
and O(D′)K ′ = P(p+′).
P(p+)⊗ Pk(C2r+1) =
⊕
m∈Zr++
V
(2r+1)∨
(m1,m1,m2,m2,...,mr ,mr,0)
⊗ V (2r+1)∨(k,0,...,0)
=
⊕
m∈Zr++
⊕
k∈(Z≥0)r+1, |k|=k
0≤kj≤mj−1−mj
V
(2r+1)∨
(m1+k1,m1,m2+k2,m2,...,mr+kr ,mr,kr+1)
,
P(p+′) =
⊕
n∈Zr+1++
V
(2r+2)∨
(n1,n1,n2,n2,...,nr+1,nr+1)
.
Each K ′C = GL(2r + 2,C)-module V (2r+2)∨(n1,n1,n2,n2,...,nr+1,nr+1) is decomposed under K
C =
GL(2r + 1,C) as
V
(2r+2)∨
(n1,n1,n2,n2,...,nr+1,nr+1)
∣∣∣
KC
=
⊕
m∈Zr++
nj≥mj≥nj+1
V
(2r+1)∨
(n1,m1,n2,m2,...,nr,mr,nr+1)
,
which follows from the following Lemma about the branching law of GL(s,C) ↓ GL(s −
1,C).
Lemma 5.3 ([29, §66, Theorem 2]). For m ∈ Zs+,
V
(s)∨
m
∣∣∣
GL(s−1,C)
=
⊕
n∈Zs−1+
mj≥nj≥mj+1
V
(s−1)∨
n .
Therefore it follows that
ι
(
V
(2r+1)∨
(m1+k1,m1,...,mr+kr ,mr,kr+1)
)
⊂ V (2r+2)∨(m1+k1,m1+k1,...,mr+kr,mr+kr,kr+1,kr+1). (5.9)
Therefore, for any f ∈ V (2r+1)∨(m1+k1,m1,m2+k2,m2,...,mr+kr,mr ,kr+1), the ratio of norm is given by
‖ι(f)‖2
λ,1(2r+2)
‖ι(f)‖2
F,1(2r+2)
=
1∏r
j=1(λ− 2(j − 1))mj+kj (λ− 2r)kr+1
.
Since ι intertwines G˜-action, ‖ · ‖
λ,τ
(2r+1)∨
(k,0,...,0)
is proportional to ‖ι(·)‖λ,1(2r+2) . Also, since ι
preserves the Fischer norm, and ‖ ·‖
λ,τ
(2r+1)∨
(k,0,...,0)
is normalized such that it coincides with the
Fischer norm on the minimal K-type, we have
‖f‖2
λ,τ
(2r+1)∨
(k,0,...,0)
‖f‖2
F,τ
(2r+1)∨
(k,0,...,0)
=
(λ)k∏r
j=1(λ− 2(j − 1))mj+kj (λ− 2r)kr+1
,
and we have proved Theorem 5.2.
Remark 5.4. We can also prove the former part of Theorem 4.5 (G = SO∗(4r)), or
Theorem 4.3, 5.1 (G = SU(q, s)) by this method, by embedding
SO∗(4r) →֒ SO∗(4r + 2), P(Skew(2r,C),Pk(C2r)) →֒ P(Skew(2r + 1,C)),
U(p)× U(q, s) →֒ U(p+ q, s), V (p)∨
k
⊠ P(M(q, s,C), V (s)
k
) →֒ P(M(p + q, s,C)),
but we cannot determine the normalizing constant cλ in this way.
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5.4 SO∗(4r + 2), V = Sk(C2r+1)⊗ det−k/2
In this subsection we continue to set G = SO∗(4r+2), which is realized explicitly as (5.2).
We set V = V
(2r+1)∨
(k2 ,...,
k
2
,− k
2 )
≃ Sk(C2r+1) ⊗ det−k/2. The goal of this subsection is to prove
the following theorem.
Theorem 5.5. When G = SO∗(4r + 2) and (τ, V ) = (τ (2r+1)∨(k/2,...,k/2,−k/2), V
(2r+1)∨
(k/2,...,k/2,−k/2)),
‖ · ‖2λ,τ converges if Reλ > 4r − 1, the normalizing constant cλ is given by
cλ =
r−1∏
j=1
(λ+ k − (2r + 1)− 2(j − 1))2r+1(λ− 4r + 1)2r(λ+ k − 2r + 1),
the K-type decomposition of O(D,V )K is given by
P(p+)⊗ V (2r+1)∨
( k2 ,...,
k
2
,− k
2 )
=
⊕
m∈Zr++
⊕
k∈(Z≥0)r+1;|k|=k
0≤kj≤mj−mj+1
0≤kr≤mr
V
(2r+1)∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr,−kr+1)+(k2 ,..., k2 )
,
and for f ∈ V (2r+1)∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr ,−kr+1)+(k2 ,..., k2 )
, the ratio of norms is given by
‖f‖2
λ,τ
(2r+1)∨
(k/2,...,k/2,−k/2)
‖f‖2
F,τ
(2r+1)∨
(k/2,...,k/2,−k/2)
=
∏r
j=1 (λ− 2(j − 1))k∏r
j=1 (λ− 2(j − 1))mj−kj+k (λ− 2r + 1)k−kr+1
=
1∏r
j=1 (λ+ k − 2(j − 1))mj−kj (λ− 2r + 1)k−kr+1
.
To begin with, we determine the normalizing constant cλ. Since V |KCT is decomposed
as
V
(2r+1)∨
(k2 ,...,
k
2
,− k
2 )
∣∣∣∣
KCT
=
k⊕
l=0
V
(2r)∨
( k2 ,...,
k
2
, k
2
−l),
and V
(2r)∨
( k2 ,...,
k
2
, k
2
−l) has the restricted lowest weight −
(
k
2 (γ1 + · · ·+ γr−1) + k−l2 γr
)∣∣
al
and
remains irreducible when restricted to KL = Sp(r), by Theorem 3.1 ‖ · ‖2λ,τ converges if
Reλ > 4r − 1, and we have
c−1λ =
1
dimV
(2r+1)∨
(k2 ,...,
k
2
,− k
2)
k∑
l=0
(
dimV
(2r)∨
(k2 ,...,
k
2
, k
2
−l)
)
ΓΩ (λ+ (k, . . . , k, k − l)− (2r + 1))
ΓΩ(λ+ (k, . . . , k, k − l))
=
1(
2r+k
k
) 1∏r−1
j=1(λ+ k − (2r + 1)− 2(j − 1))2r+1
k∑
l=0
(
2r+l−1
l
)
(λ+ k − l − (4r − 1))2r+1
=
1∏r−1
j=1(λ+ k − (2r + 1) − 2(j − 1))2r+1(λ− 4r + 1)2r(λ+ k − 2r + 1)
=
(λ− 2r + 1)k∏r−1
j=1(λ+ k − (2r + 1) − 2(j − 1))2r+1(λ− 4r + 1)2r+1+k
=
ΓΩ(λ+ (k, . . . , k, 0) − (2r + 1))(λ − 2r + 1)k
ΓΩ(λ+ (k, . . . , k, k))
.
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Next we compute the K-type decomposition of O(D,V )K = P(p+)⊗ V (2r+1)∨(k2 ,..., k2 ,− k2 ).
P(p+)⊗ V (2r+1)∨
(k2 ,...,
k
2
,− k
2 )
=
⊕
m∈Zr++
V
(2r+1)∨
(m1,m1,m2,m2,...,mr ,mr ,0)
⊗ V (2r+1)∨
( k2 ,...,
k
2
,− k
2 )
=
⊕
m∈Zr++
⊕
k∈(Z≥0)r+1, |k|=k
0≤kj≤mj−mj+1
0≤kr≤mr
V
(2r+1)∨
(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr,−kr+1)+(k2 ,..., k2 )
.
To apply Theorem 3.1 for each K-type, we determine the image of each K-type under
rest : P(p+, V )→ P(p+T , V ). Since we have
rest
(
V
(2r+1)∨
(m1,m1,m2,m2,...,mr ,mr ,0)
⊗ V (2r+1)∨
( k2 ,...,
k
2
,− k
2 )
)
=V
(2r)∨
(m1,m1,m2,m2,...,mr ,mr)
⊗ V (2r+1)∨
(k2 ,...,
k
2
,− k
2 )
∣∣∣∣
KCT
= V
(2r)∨
(m1,m1,m2,m2,...,mr,mr)
⊗
k⊕
l=0
V
(2r)∨
(k2 ,...,
k
2
, k
2
−l)
=
k⊕
l=0
⊕
l∈(Z≥0)r , |l|=l
0≤lj≤mj−mj+1
V
(2r)∨
(m1,m1−l1,m2,m2−l2,...,mr ,mr−lr)+( k2 ,..., k2 )
,
and the abstract decomposition of KC-modules under KCT is given by Lemma 5.3, we have
rest
(
V
(2r+1)∨
(m1,m1−k1,m2,m2−k2...,mr ,mr−kr,−kr+1)+( k2 ,..., k2 )
)
⊂
k⊕
l=k−kr+1
⊕
l∈(Z≥0)r , |l|=l
kj≤lj≤mj−mj+1
V
(2r)∨
(m1,m1−l1,m2,m2−l2,...,mr ,mr−lr)+( k2 ,..., k2 )
.
Then, the only KL = Sp(r)-spherical submodule in
V
(2r)∨
(m1,m1−l1,m2,m2−l2,...,mr ,mr−lr)+( k2 ,..., k2 )
⊗ V (2r)∨
(k2 ,...,
k
2
, k
2
−l)
≃V (2r)∨
(m1,m1−l1,m2,m2−l2,...,mr ,mr−lr)+( k2 ,..., k2 )
⊗ V (2r)∨
(k2 ,...,
k
2
, k
2
−l)
is V
(2r)∨
(m1−l1,m1−l1,m2−l2,m2−l2,...,mr−lr,mr−lr)+(k,...,k), which has the lowest weight −((m1−l1+
k)γ1+ · · ·+(mr− lr+k)γr). Therefore by Theorem 3.1, there exist non-negative numbers
am,k,l such that for f ∈ V(m1,m1−k1,...,mr,mr−kr,−kr+1)+( k2 ,..., k2 ), the ratio of norms is given
by
‖f‖2λ,τ
‖f‖2F,τ
=
cλ∑
l
am,k,l
k∑
l=k−kr+1
∑
l∈(Z≥0)r , |l|=l
kj≤lj≤mj+1−mj
am,k,l
ΓΩ (λ+ (k, . . . , k, k − l)− (2r + 1))
ΓΩ(λ+m− l+ (k, . . . , k))
=
1∑
l
am,k,l
k∑
l=k−kr+1
∑
l∈(Z≥0)r , |l|=l
kj≤lj≤mj+1−mj
am,k,l(λ− 4r + 1)k−l∏r
j=1(λ+ k − 2(j − 1))mj−lj(λ− 2r + 1)k
.
It is difficult to know the exact values of am,k,l, but at least we have proved
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Lemma 5.6. For f ∈ V (2r+1)∨
(m1,m1−k1,...,mr ,mr−kr,−kr+1)+( k2 ,..., k2 )
, the ratio of norms is
‖f‖2
λ,τ
(2r+1)∨
(k/2,...,k/2,−k/2)
‖f‖2
F,τ
(2r+1)∨
(k/2,...,k/2,−k/2)
=
(monic polynomial of degree kr+1)∏r
j=1(λ+ k − 2(j − 1))mj−kj(λ− 2r + 1)k
.
Next we consider GA := SU(2r, 1), which is realized as (5.1), and embed GA →֒ G as
(
a b
c d
)
7−→

a 0 0 b
0 d¯ −c¯ 0
0 −b¯ a¯ 0
c 0 0 d
 ( a ∈M(2r,C), b ∈M(2r, 1;C),c ∈M(1, 2r;C), d ∈ C
)
.
Then the positive root system ∆+(g
C
A, (h∩ gA)C) of gA, induced from ∆+(gC, hC), has the
simple system
{εj − εj+1 : j = 1, 2, . . . , 2r − 1} ∪ {ε2r + ε2r+1}.
Each representation ofKCA = S(GL(2r,C)×GL(1,C)) is of the form (τ (2r)∨m ⊠τ (1)∨m0 , V (2r)∨m ⊗
V
(1)∨
m0 ), and we sometimes abbreviate this to (τ
(2r,1)∨
(m;m0)
, V
(2r,1)∨
(m;m0)
). Clearly V
(2r,1)∨
(m+(c,...,c);m0−c) ≃
V
(2r,1)∨
(m;m0)
holds as KCA-modules for any c. The representation τλ of G˜ on O(D,V ) is given
by (5.6), and if we restrict this representation to G˜A, we have
τλ


a 0 0 b
0 d¯ −c¯ 0
0 −b¯ a¯ 0
c 0 0 d

−1 f
(
w v
−tv 0
)
=det(a∗ + vb∗)−λ/2 det(cv + d)−λ/2τ (2r+1)∨
(k2 ,...,
k
2
,− k
2 )
(
a∗ + vb∗ −wtc
0 t(cv + d)
)
× f
(
(a∗ + vb∗)−1wt(a∗ + vb∗)−1 (av + b)(cv + d)−1
−t((av + b)(cv + d)−1) 0
)
=det(cv + d)−λτ (2r+1)∨
(k2 ,...,
k
2
,− k
2 )
(
a∗ + vb∗ −wtc
0 t(cv + d)
)
× f
(
(a∗ + vb∗)−1wt(a∗ + vb∗)−1 (av + b)(cv + d)−1
−t((av + b)(cv + d)−1) 0
)
(w ∈ Skew(2r,C), v ∈ C2r).
For N ∈ N, let P≤N (Skew(2r,C)) be the space of polynomials on Skew(2r,C) whose
degree is smaller than or equal to N , and let DA ⊂ C2r be the unit disk. Also, let
incl : V
(2r,1)∨
(k,...,k,0;0) = V
(2r,1)∨
(k2 ,...,
k
2
,− k
2
; k
2 )
→֒ V (2r+1)∨
(k2 ,...,
k
2
,− k
2 )
be the KA-equivariant inclusion. Then
by the above computation, the map
ι : O(DA, (P≤N (Skew(2r,C)) ⊠ C)⊗ V (2r,1)∨(k,...,k,0;0))→ O(D,V
(2r+1)∨
( k2 ,...,
k
2
,− k
2 )
),
ι(f)
(
w v
−tv 0
)
:= incl(f(v,w))
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intertwines the GA action, and we can also prove that ι preserves the Fischer norm. Thus
we study the space
O(DA, (P≤N (Skew(2r,C)) ⊠ C)⊗ V (2r,1)∨(k,...,k,0;0))KA
=P(C2r)⊗ (P≤N (Skew(2r,C)) ⊠ C)⊗ V (2r,1)∨(k,...,k,0;0)
≃
∞⊕
m0=0
V
(2r,1)∨
(m0,0,...,0;m0)
⊗
⊕
m∈Zr++
|m|≤N
V
(2r,1)∨
(m1,m1,m2,m2,...,mr ,mr;0)
⊗ V (2r,1)∨(k,...,k,0;0).
This space is not irreducible under GA. For m ∈ Zr++ and l ∈ Zr≥0 we define
Fm,l :=V
(2r,1)∨
(m1,m1−l1,m2,m2−l2,...,mr,mr−lr ;0)+(k,...,k;0)
⊂V (2r,1)∨(m1,m1,m2,m2,...,mr ,mr ;0) ⊗ V
(2r,1)∨
(k,...,k,0;0)
⊂(P≤N (Skew(2r,C)) ⊠ C)⊗ V (2r,1)∨(k,...,k,0;0),
so that
(P≤N (Skew(2r,C)) ⊠ C)⊗ V (2r,1)∨(k,...,k,0;0) =
⊕
m∈Zr++
|m|≤N
⊕
l∈Zr
≥0, |l|=k
0≤lj≤mj−mj+1
Fm,l,
O(DA, (P≤N (Skew(2r,C)) ⊠ C)⊗ V (2r,1)∨(k,...,k,0;0)) =
⊕
m∈Zr++
|m|≤N
⊕
l∈Zr≥0, |l|=k
0≤lj≤mj−mj+1
O(DA, Fm,l).
Also, for m ∈ Zr++ and k ∈ Zr+1≥0 we set
Wm,k :=V
(2r,1)∨
(m1−k1,m2,m2−k2,m3,...,mr−1−kr−1,mr ,mr−kr,−kr+1;m1)+(k,...,k;0)
⊂V (2r,1)∨(m1,m2,m2,m3,...,mr−1,mr,mr ,0;m1) ⊗ V
(2r,1)∨
(k,...,k,0;0)
⊂V (2r,1)∨(m1,0,...,0;m1) ⊗ V
(2r,1)∨
(m2,m2,m3,m3,...,mr,mr ,0,0;0)
⊗ V (2r,1)∨(k,...,k,0;0)
⊂P(C2r)⊗ (P≤N (Skew(2r,C)) ⊠ C)⊗ V (2r,1)∨(k,...,k,0;0).
Then we have the following.
Lemma 5.7. (1) ι(Wm,k) ⊂ V (2r+1)∨(m1,m1−k1,m2,m2−k2,...,mr ,mr−kr,−kr+1)+( k2 ,..., k2).
(2) Wm,k ⊂
⊕
l∈(Z≥0)r , |l|=k
lj≤kj+1, lr≥kr+1
O(DA, F(m2,...,mr ,0),l).
(3) ι(Fm,l) ⊂
⊕
n∈(Z≥0)r+1, |n|=k
nj≤lj , nr+1≥lr−mr
V
(2r+1)∨
(m1,m1−n1,m2,m2−n2,...,mr ,mr−nr,−nr+1)+( k2 ,..., k2 )
.
Proof. (1) The polynomial space P(C2r)⊗ (P(Skew(2r,C)) ⊠ C) is decomposed as
P(C2r)⊗ (P(Skew(2r,C)) ⊠ C) =
∞⊕
m0=0
V
(2r,1)∨
(m0,0,...,0;m0)
⊗
⊕
m∈Zr++
V
(2r,1)∨
(m1,m1,m2,m2,...,mr,mr ;0)
=
⊕
m∈Zr++
⊕
l∈(Z≥0)r , |l|=m0
0≤lj≤mj−1−mj
V
(2r,1)∨
(m1+l1,m1,m2+l2,m2,...,mr+lr ,mr ;m0)
,
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and similarly to (5.9), we have
V
(2r,1)∨
(m1+l1,m1,m2+l2,m2,...,mr+lr ,mr;m0)
⊂ V (2r+1)∨(m1+l1,m1+l1,m2+l2,m2+l2,...,mr+lr ,mr+lr).
Therefore we have
ι
(
V
(2r,1)∨
(m1+l1,m1,m2+l2,m2,...,mr+lr,mr ;m0)
⊗ V (2r,1)∨(k,...,k,0;0)
)
⊂V (2r+1)∨(m1+l1,m1+l1,m2+l2,m2+l2,...,mr+lr ,mr+lr ,0) ⊗ incl
(
V
(2r,1)∨
(k,...,k,0;0)
)
⊂V (2r+1)∨(m1+l1,m1+l1,m2+l2,m2+l2,...,mr+lr ,mr+lr ,0) ⊗ V
(2r+1)∨
(k2 ,...,
k
2
,− k
2 )
. (5.10)
Especially, by putting l = 0 we have
Wm,k ⊂V (2r+1)∨(m1,m1,m2,m2,...,mr ,mr,0) ⊗ incl
(
V
(2r,1)∨
(k,...,k,0;0)
)
⊂V (2r+1)∨(m1,m1,m2,m2,...,mr ,mr,0) ⊗ V
(2r+1)∨
(k2 ,...,
k
2
,− k
2 )
Let v ∈Wm,k be the highest weight vector. Then
ι(v) =
∑
i
v1,i ⊗ v2,i ∈V (2r+1)∨(m1,m1,m2,m2,...,mr ,mr ,0) ⊗ incl
(
V
(2r,1)∨
(k,...,k,0;0)
)
⊂V (2r+1)∨(m1,m1,m2,m2,...,mr ,mr ,0) ⊗ V
(2r+1)∨
( k2 ,...,
k
2
,− k
2 )
has the weight −(−kr+1,mr− kr,mr, . . . ,m2− k2,m2,m1− k1,m1)−
(
k
2 , . . . ,
k
2
)
, vanishes
under root vectors x ∈ kCεj−εj+1 (j = 1, . . . , 2r−1) since v is the highest under KCA, and also
vanishes under root vectors x ∈ kCε2r−ε2r+1 since each v1,i, v2,i has the weight (∗, . . . , ∗,−m1)
and (∗, . . . , ∗, 0) − (k2 , . . . , k2) respectively, where ∗ are some integers. Thus ι(v) becomes
a highest weight vector of V
(2r+1)∨
(m1,m1−k1,m2,m2−k2,...,mr,mr−kr,−kr+1)+( k2 ,..., k2 )
.
(2) We have
Wm,l ⊂V ∨(m1,...,0;m1) ⊗ V
(2r,1)∨
(m2,m2,m3,m3,...,mr ,mr,0,0;0)
⊗ V (2r,1)∨(k,...,k,0;0)
=
⊕
l∈Zr≥0, |l|=k
0≤lj≤mj+1−mj+2
V ∨(m1,...,0;m1) ⊗ V
(2r,1)∨
(m2,m2−l1,m3,m3−l2,...,mr ,mr−lr−1,0,−lr;0)+(k,...,k;0)
=
⊕
l∈Zr
≥0, |l|=k
0≤lj≤mj+1−mj+2
V ∨(m1,...,0;m1) ⊗ F(m2,...,mr ,0),l,
and abstractly
Wm,l ≃V (2r,1)∨(m1−k1,m2,m2−k2,m3,...,mr−1−kr−1,mr,mr−kr,−kr+1;m1)+(k,...,k;0)
⊂V (2r,1)∨(m1,0,...,0;m1) ⊗ V
(2r,1)∨
(m2,m2−l1,m3,m3−l2,...,mr ,mr−lr−1,0,−lr;0)+(k,...,k;0)
holds only if lj ≤ kj+1, lr ≥ kr+1 holds.
(3) By (5.10) with l = 0 we have
ι(Fm,l) ⊂V (2r+1)∨(m1,m1,m2,m2,...,mr,mr) ⊗ V
(2r+1)∨
(k2 ,...,
k
2
,− k
2 )
=
⊕
n∈(Z≥0)r+1, |n|=k
nj≤mj−mj+1
V
(2r+1)∨
(m1,m1−n1,m2,m2−n2,...,mr ,mr−nr,−nr+1)+( k2 ,..., k2 )
.
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Combining with the abstract branching rule under KC ⊃ KCA (Lemma 5.3), we get the
desired formula.
Now we want to show that, on V
(2r+1)∨
(m1,m1−k1,...,mr ,mr−kr ,−kr+1)+(k2 ,..., k2 )
the ratio is given
by
‖f‖2
λ,τ
(2r+1)∨
(k/2,...,k/2,−k/2)
‖f‖2
F,τ
(2r+1)∨
(k/2,...,k/2,−k/2)
=
1∏r
j=1 (λ+ k − 2(j − 1))mj−kj (λ− 2r + 1)k−kr+1
(5.11)
by induction on min{j : mj = 0}.
First, when m = 0 i.e. on V ∨
(0,...,0,−k)+ k
2
, (5.11) clearly holds by the normalization
assumption. Second, we assume (5.11) holds when mj = 0, and prove this also holds on
V
(2r+1)∨
(m1,m1−k1,...,mr ,mr−kr,−kr+1)+( k2 ,..., k2 )
when mj+1 = 0.
By Lemma 5.7 (1), it suffices to compute ‖ι(f)‖2λ,τ/‖ι(f)‖2F,τ for f ∈ Wm,k. For any
l, let fl be the orthogonal of f onto O(DA, Fm′,l), where m′ := (m2, . . . ,mr, 0). Then by
Lemma 5.7 (2), we have
f =
∑
l∈(Z≥0)r , |l|=k
lj≤kj+1, lr≥kr+1
fl,
and there exist bl ≥ 0 such that ‖ι(fl)‖2F = bl‖ι(f)‖2F holds. Next, by Theorem 5.1, we
have
‖ι(fl)‖λ,τ
‖ι(fl)‖F,τ ×
‖ι(vl)‖F,τ
‖ι(vl)‖λ,τ
=
∏r−1
j=1((λ− (2j − 2))mj+1+k(λ− (2j − 1))mj+1−lj+k)(λ− (2r − 1))−lr+k∏r−1
j=1((λ− (2j − 2))mj−kj+k(λ− (2j − 1))mj+1+k)
×(λ− (2r − 2))mr−kr+k(λ− (2r − 1))−kr+1+k
=
∏r−1
j=1(λ+ k − 2(j − 1))mj+1
∏r
j=2(λ+ k − (2j − 3))mj−lj−1(λ− 2r + 1)k−lr∏r
j=1(λ+ k − 2(j − 1))mj−kj
∏r
j=2(λ+ k − (2j − 3))mj (λ− 2r + 1)k−kr+1
,
where vl is any non-zero element in the minimal KA-type Fm′,l. Next, let vl,n be the
orthogonal projection of ι(vl) onto V
(2r+1)∨
(m2,m2−n1,m3,m3−n2,...,mr,mr−nr−1,0,0,−nr)+( k2 ,..., k2 )
, so
that
ι(vl) =
∑
n∈(Z≥0)r , |n|=k
nj≤lj , nr≥lr
vl,n
by Lemma 5.7 (3). Then there exist cl,n ≥ 0 such that ‖vl,n‖2F,τ = cl,n‖ι(vl)‖2F,τ holds.
Next, by the induction hypothesis (5.11), for each n we have
‖vl,n‖2λ,τ
‖vl,n‖2F,τ
=
1∏r−1
j=1 (λ+ k − 2(j − 1))mj+1−nj (λ− 2r + 1)k−nr
.
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Thus for each l we get
‖ι(vl)‖2λ,τ
‖ι(vl)‖2F,τ
=
∑
n∈(Z≥0)r , |n|=k
nj≤lj , nr≥lr
cl,n
‖vl,n‖2λ,τ
‖vl,n‖2F,τ
=
∑
n∈(Z≥0)r , |n|=k
nj≤lj , nr≥lr
cl,n∏r−1
j=1 (λ+ k − 2(j − 1))mj+1−nj (λ− 2r + 1)k−nr
=
(monic polynomial of degree k − lr)∏r−1
j=1 (λ+ k − 2(j − 1))mj+1 (λ− 2r + 1)k−lr
,
and therefore we get
‖ι(f)‖2λ,τ
‖ι(f)‖2F,τ
=
∑
l∈(Z≥0)r , |l|=k
lj≤kj+1, lr≥kr+1
bl
‖fl‖2λ,τ
‖fl‖2F,τ
=
∑
l∈(Z≥0)r , |l|=k
lj≤kj+1, lr≥kr+1
bl
(
(monic polynomial of degree k − lr)∏r−1
j=1 (λ+ k − 2(j − 1))mj+1 (λ− 2r + 1)k−lr
×
∏r−1
j=1(λ+ k − 2(j − 1))mj+1
∏r
j=2(λ+ k − 2(j − 1) + 1)mj−lj−1(λ− 2r + 1)k−lr∏r
j=1(λ+ k − 2(j − 1))mj−kj
∏r
j=2(λ+ k − (2j − 3))mj (λ− 2r + 1)k−kr+1
)
=
(monic polynomial of degree k2 + · · · + kr)∏r
j=1(λ+ k − 2(j − 1))mj−kj
∏r
j=2(λ+ k +mj − kj − (2j − 3))kj (λ− 2r + 1)k−kr+1
.
On the other hand, by Lemma 5.6 we have
‖ι(f)‖2λ,τ
‖ι(f)‖2F,τ
=
(monic polynomial of degree kr+1)∏r
j=1(λ+ k − 2(j − 1))mj−kj(λ− 2r + 1)k
,
so combining these two formulas, we get
‖ι(f)‖2λ,τ
‖ι(f)‖2F,τ
=
1∏r
j=1(λ+ k − 2(j − 1))mj−kj(λ− 2r + 1)k−kr+1
,
and the induction continues. Thus we have proved (5.11) for any m, and proved Theorem
5.5.
5.5 Conjecture on E6(−14)
In this subsection we set G = E6(−14). Then we have
k ≃ so(2)⊕ so(10), p± ≃M(2, 1;OC), gT ≃ so(2, 8), l ≃ R⊕ so(1, 7), kl ≃ so(7),
r = 2, n = 16, d = 6, p = 12.
We take a Cartan subalgebra h ⊂ k. Then we can take a basis {t0, t1, . . . , t5} ⊂
√−1h
and {ε0, ε1, . . . , ε5} ⊂ (
√−1h)∨, such that
ε0(tj) =
4
3
δ0,j , εi(tj) = δi,j (i = 1, . . . , 5, j = 0, 1, . . . , 5),
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and the simple system of positive roots ∆+(g
C, hC) is given by{
ε1 − ε2, ε2 − ε3, ε3 − ε4, ε4 − ε5, ε4 + ε5, 3
4
ε0 +
1
2
(−ε1 − ε2 − ε3 − ε4 + ε5)
}
,
where 34ε0+
1
2(−ε1−ε2−ε3−ε4+ε5) is the unique non-compact simple root, and the central
character of kC is given by dχ = ε0. The set of strongly orthogonal roots {γ1, γ2} ⊂ ∆p+
is given by
γ1 =
3
4
ε0 +
1
2
(ε1 + ε2 + ε3 + ε4 + ε5), γ2 =
3
4
ε0 +
1
2
(ε1 − ε2 − ε3 − ε4 − ε5),
and hT := h ∩ gT, al is given by
√−1hT = span
{
3
4
t0 +
1
2
t1, t2, t3, t4, t5
}
, al = span
{
3
4
t0 +
1
2
t1,
1
2
(t2 + t3 + t4 + t5)
}
.
We denote the restriction of εj to
√−1hT by the same symbol εj (j = 2, 3, 4, 5), and define
ε′1 ∈ (
√−1hT)∨ by
ε′1
(
3
4
t0 +
1
2
t1
)
= 1, ε′1(tj) = 0 (j = 2, 3, 4, 5),
so that (m0ε0 + m1ε1)|√−1hT =
(
m0 +
1
2m1
)
ε′1 holds. Also, we define ε
ω
2 , ε
ω
3 , ε
ω
4 , ε
ω
5 ∈
(
√−1hT)∨ such that they satisfy the relations
εω2 =
1
2
(ε2 + ε3 + ε4 + ε5),
1
2
(εω2 + ε
ω
3 + ε
ω
4 + ε
ω
5 ) = ε2,
εω2 + ε
ω
3 = ε2 + ε3,
1
2
(εω2 + ε
ω
3 + ε
ω
4 − εω5 ) =
1
2
(ε2 + ε3 + ε4 − ε5),
so that γ1|√−1hT = ε′1 + εω2 , γ2|√−1hT = ε′1 − εω2 holds.
For (m0;m) ∈ C×
(
Z
5 ∪ (Z+ 12)5) withm1 ≥ · · · ≥ m4 ≥ |m5|, let (τ [2,10](m0;m), V [2,10](m0;m)) =
(χm0 ⊠ τ
[10]
m ,Cm0 ⊗V [10]m ) be the irreducible kC-module with highest weight m0ε0+m1ε1+
· · · + m5ε5. Also, for (m0;m1;m2, . . . ,m5) ∈ C × C ×
(
Z
4 ∪ (Z+ 12)4) with m2 ≥
m3 ≥ m4 ≥ |m5|, let (τ [2,2,8](m0;m1;m2,...,m5), V
[2,2,8]
(m0;m1;m2,...,m5)
), (τ
[2,8]
(m1;m2,...,m5)
, V
[2,8]
(m1;m2,...,m5)
)
and (τ
[2,8]ω
(m1;m2,...,m5)
, V
[2,8]ω
(m1;m2,...,m5)
) be the irreducible kCT-module with highest weight m0ε0+
m1ε1 + m2ε2 + . . . + m5ε5, m1ε
′
1 + m2ε2 + . . . + m5ε5, and m1ε
′
1 + m2ε
ω
2 + . . . + m5ε
ω
5
respectively. Then as in Section 4.1, we can show
(τ
[2,8]ω
(m1;m2,m3,m4,m5)
, V
[2,8]ω
(m1;m2,m3,m4,m5)
) ≃ (τ [2,8]ω
(m1;m2,m3,m4,−m5), V
[2,8]ω
(m1;m2,m3,m4,−m5)).
We set V = V
[2,10]
(− k2 ;k,0,0,0,0)
. The goal of this subsection is to prove the following propo-
sition.
Proposition 5.8. When G = E6(−14) and (τ, V ) = (χ−k/2⊠ τ
[10]
(k,0,0,0,0),C−k/2⊗V
[10]
(k,0,0,0,0))
(k ∈ Z≥0), ‖ · ‖2λ,τ converges if Reλ > 11, the normalizing constant cλ is given by
cλ = (λ− 7 + k)7(λ− 8)(λ− 11)7(λ− 4 + k),
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the K-type decomposition of O(D,V )K is given by
P(p+)⊗
(
C−k/2 ⊠ V
[10]
(k,0,0,0,0)
)
=
⊕
m∈Z2++
⊕
k∈(Z≥0)4, |k|=k
k2+k4≤m2
k3≤m1−m2
C− 3
4
(m1+m2)− k2 ⊠ V
[10](
m1+m2
2
+k1−k4,m1−m22 +k2,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
+k3
),
and for f ∈ C− 3
4
(m1+m2)− k2
⊠V
[10](
m1+m2
2
+k1−k4,m1−m22 +k2,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
+k3
), the ratio
of norms is of the form
‖f‖2
λ,χ−k/2⊠τ
[10]
(k,0,0,0,0)
‖f‖2
F,χ−k/2⊠τ
[10]
(k,0,0,0,0)
=
(λ)k(λ− 3)k(monic polynomial of degree 2k1 + k2 + k3)
(λ)m1+k1+k2(λ− 3)m2+k1+k3(λ− 4)k(λ− 7)k
=
(monic polynomial of degree 2k1 + k2 + k3)
(λ+ k)m1+k1+k2−k(λ+ k − 3)m2+k1+k3−k(λ− 4)k(λ− 7)k
.
Before starting the proof, we quote the following lemma about the restriction of the
representation V [2s] of so(2s + 2) to so(2)⊕ so(2s).
Lemma 5.9 ([25, Theorem 1.1]).
V
[2s+2]
(m0,m1,...,ms)
∣∣∣
so(2)⊕so(2s)
≃
⊕
mi−1≥ni≥|mi+1|
ms−1≥|ns|
⊕
n0
c
(m0,m1,...,ms)
(n1,...,ns)
(n0)V
[2,2s]
(n0;n1,...,ns)
,
where c
(m0,m1,...,ms)
(n1,...,ns)
(n0) ∈ Z≥0 is the coefficient of Xn0 of the polynomial
Xas
s−1∏
j=0
Xaj+1 −X−aj−1
X −X−1 ,
where
a0 = m0 −max{m1, n1},
aj = min{mj , nj} −max{|mj+1|, |nj+1|} (j = 1, . . . , s− 1),
as = (sgnms)(sgnns)min{|ms|, |ns|}.
From this lemma we can easily deduce the following.
Lemma 5.10.
V
[2s+2]
(k,0,...,0)
∣∣∣
so(2)⊕so(2s)
=
k⊕
l1=0
⊕
l0∈Z, |l0|≤k−l1
k−l0−l1∈2Z
V
[2,2s]
(l0;l1,0,...,0)
.
Now we start the proof. To begin with, we determine the normalizing constant cλ.
Since V
[2,10]
(− k2 ;k,0,0,0,0)
is decomposed under kT as
V
[2,10]
(− k2 ;k,0,0,0,0)
∣∣∣∣
kT
=
k⊕
l1=0
⊕
l0∈Z, |l0|≤k−l1
k−l0−l1∈2Z
V
[2,2,8]
(− k2 ;l0;l1,0,0,0)
=
k⊕
l1=0
⊕
l0∈Z, |l0|≤k−l1
k−l0−l1∈2Z
V
[2,8](
−k+l0
2
;l2,0,0,0
)
=
⊕
k1,k2∈Z≥0
k≥k1≥k2≥0
V
[2,8](
− k1+k2
2
;k1−k2,0,0,0
) =
⊕
k1,k2∈Z≥0
k≥k1≥k2≥0
V
[2,8]ω(
− k1+k2
2
;
k1−k2
2
,
k1−k2
2
,
k1−k2
2
,
k1−k2
2
),
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each V
[2,8]ω(
− k1+k2
2
;
k1−k2
2
,
k1−k2
2
,
k1−k2
2
,
k1−k2
2
) remains irreducible under kl = so(7), and has the
restricted lowest weight − 12 (k1γ1 + k2γ2)
∣∣
al
, by Theorem 3.1, ‖·‖2λ,τ converges if Reλ > 11,
and cλ is given by
c−1λ =
1
dimV
[2,10]
(− k2 ;k,0,0,0,0)
∑
k1,k2∈Z≥0
k≥k1≥k2≥0
(
dimV
[2,8]ω(
− k1+k2
2
;
k1−k2
2
,...,
k1−k2
2
)
)
ΓΩ(λ+ (k1, k2)− 8)
ΓΩ(λ+ (k1, k2))
=
1(
k+9
9
)− ( k+79 )
∑
k1,k2∈Z≥0
k≥k1≥k2≥0
(
k1−k2+7
7
)− ( k1−k2+57 )
(λ+ k1 − 8)8(λ+ k2 − 11)8 .
For l ∈ Z≥0, we define
F (λ, l) :=
∑
k1,k2∈Z≥0
l≥k1≥k2≥0
(
k1−k2+7
7
)− ( k1−k2+57 )
(λ+ k1 − 8)8(λ+ k2 − 11)8 .
Then it satisfies
F (λ, l + 1)
=
 ∑
l≥k1≥k2≥0
+
∑
l+1≥k1≥k2≥1
−
∑
l≥k1≥k2≥1
+
∑
(k1,k2)=(l+1,0)
 ( k1−k2+77 )− ( k1−k2+57 )
(λ+ k1 − 8)8(λ+ k2 − 11)8
=F (λ, l) + F (λ+ 1, l) − F (λ+ 1, l − 1) +
(
l+8
7
)− ( l+67 )
(λ+ l − 7)8(λ− 11)8 .
Solving this recurrence relation, we get
F (λ, l) =
(
l+9
9
)− ( l+79 )
(λ− 7 + l)7(λ− 8)(λ− 11)7(λ− 4 + l) ,
and thus we have
cλ =(λ− 7 + k)7(λ− 8)(λ− 11)7(λ− 4 + k) = (λ− 8)k+8(λ− 11)k+8
(λ− 7)k(λ− 4)k
=
ΓΩ(λ+ k)
ΓΩ(λ− 8)(λ− 4)k(λ− 7)k .
Next we compute the K-type decomposition of O(D,V )K = P(p+) ⊗ V [2,10](− k2 ;k,0,0,0,0).
By Theorem 2.1 and the “multi-minuscule rule” [24, Corollary 2.16], we have
P(p+)⊗ V [2,10]
(− k2 ;k,0,0,0,0)
=
⊕
m∈Z2++
V
[2,10](
− 3
4
(m1+m2);
m1+m2
2
,
m1−m2
2
,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
) ⊗ V [2,10]
(− k2 ;k,0,0,0,0)
=
⊕
m∈Z2++
⊕
k∈(Z≥0)4, |k|=k
k2+k4≤m2
k3≤m1−m2
V
[2,10](
− 3
4
(m1+m2)− k2 ;
m1+m2
2
+k1−k4,m1−m22 +k2,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
+k3
).
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In order to apply Theorem 3.1, we observe the image of eachK-type under rest : P(p+, V )→
P(p+T , V ). For each m ∈ Z2++, we have
rest
(
V
[2,10](
− 3
4
(m1+m2);
m1+m2
2
,
m1−m2
2
,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
) ⊗ V [2,10]
(− k2 ;k,0,0,0,0)
)
=V
[2,8](
−(m1+m2);m1−m22 ,
m1−m2
2
,
m1−m2
2
,
m1−m2
2
) ⊗
⊕
k′1,k
′
2∈Z≥0
k≥k′1≥k′2≥0
V
[2,8](
− k
′
1
+k′
2
2
;k′1−k′2,0,0,0
)
=
⊕
k′1,k
′
2∈Z≥0
k≥k′1≥k′2≥0
⊕
l1,l2∈Z≥0
l2≤m1−m2
l1+l2=k′1−k′2
V
[2,8](
−
(
m1+m2+
k′
1
+k′
2
2
)
;
m1−m2
2
+l1,
m1−m2
2
,
m1−m2
2
,
m1−m2
2
−l2
).
We write k′1 + k
′
2 =: l0, so that k
′
1 =
1
2(l0 + l1 + l2), k
′
2 =
1
2(l0 − l1 − l2). By Lemma 5.9,
rest
(
V
[2,10](
− 3
4
(m1+m2)− k2 ;
m1+m2
2
+k1−k4,m1−m22 +k2,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
+k3
)
)
∩ V [2,8](
−
(
m1+m2+
l0
2
)
;
m1−m2
2
+l1,
m1−m2
2
,
m1−m2
2
,
m1−m2
2
−l2
) 6= {0}
implies
0 ≤ l1 ≤ m2 + k1 − k4, 0 ≤ l2 ≤ m1 −m2,
and the coefficient of X
2
(
−
(
m1+m2+
l0
2
)
+( 34 (m1+m2)+
k
2 )
)
= X−
m1+m2
2
−l0+k of the polyno-
mial
Xa4
Xa0+1 −X−a0−1
X −X−1
Xa1+1 −X−a1−1
X −X−1
Xa3+1 −X−a3−1
X −X−1 ,
does not vanish, where
a0 =
m1 +m2
2
+ k1 − k4 −max
{
m1 −m2
2
+ k2,
m1 −m2
2
+ l1
}
=m2 + k1 − k4 −max{k2, l1},
a1 =min
{
m1 −m2
2
+ k2,
m1 −m2
2
+ l1
}
− m1 −m2
2
=min{k2, l1},
a3 =
m1 −m2
2
−max
{∣∣∣∣m1 −m22 − k3
∣∣∣∣ , ∣∣∣∣m1 −m22 − l2
∣∣∣∣} ,
a4 =sgn
(
−m1 −m2
2
+ k3
)
sgn
(
m1 −m2
2
− l2
)
min
{∣∣∣∣m1 −m22 − k3
∣∣∣∣ , ∣∣∣∣m1 −m22 − l2
∣∣∣∣} .
This condition is satisfied only if
−m1 +m2
2
− l0 + k ≥− a0 − a1 − a3 + a4
=− m1 +m2
2
− k1 + k4 + |k2 − l1|+ |k3 − l2|
∴ l0 ≤k + k1 − k4 − |k2 − l1| − |k3 − l2|
=2k1 + k2 + k3 − |k2 − l1| − |k3 − l2|.
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Thus we get
rest
(
V
[2,10](
− 3
4
(m1+m2)− k2 ;
m1+m2
2
+k1−k4,m1−m22 +k2,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
+k3
)
)
⊂
⊕
l0,l1,l2∈Z≥0, l0−l1−l2∈2Z≥0
l1≤m2+k1−k4, l2≤m1−m2
l0≤2k1+k2+k3−|k2−l1|−|k3−l2|
V
[2,8](
−
(
m1+m2+
l0
2
)
;
m1−m2
2
+l1,
m1−m2
2
,
m1−m2
2
,
m1−m2
2
−l2
).
For each m1,m2, l0, l1, l2, we have
V
[2,8](
−
(
m1+m2+
l0
2
)
;
m1−m2
2
+l1,
m1−m2
2
,
m1−m2
2
,
m1−m2
2
−l2
)=V [2,8]ω(
−
(
m1+m2+
l0
2
)
;m1−m2+ l1−l22 ,
l1+l2
2
,
l1+l2
2
,
l1−l2
2
),
and as in Section 4.5, kl = so(7)-spherical irreducible submodules in
V
[2,8]ω(
−
(
m1+m2+
l0
2
)
;m1−m2+ l1−l22 ,
l1+l2
2
,
l1+l2
2
,
l1−l2
2
) ⊗ V [2,8]ω(
− l0
2
;
l1+l2
2
,
l1+l2
2
,
l1+l2
2
,
l1+l2
2
)
≃V [2,8]ω(
−
(
m1+m2+
l0
2
)
;m1−m2+ l1−l22 ,
l1+l2
2
,
l1+l2
2
,
l1−l2
2
) ⊗ V [2,8]ω(
− l0
2
;
l1+l2
2
,
l1+l2
2
,
l1+l2
2
,− l1+l2
2
)
are isomorphic to V
[2,8]ω
(−(m1+m2+l0);m1−m2+l1−l2,0,0,0), which has the lowest weight
−
(
m1 +
l0 + l1 − l2
2
)
γ1 −
(
m2 +
l0 − l1 + l2
2
)
γ2.
Therefore for f ∈ V [2,10](
− 3
4
(m1+m2)− k2 ;
m1+m2
2
+k1−k4,m1−m22 +k2,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
+k3
), by The-
orem 3.1, the ratio of norms is given by
‖f‖λ,τ
‖f‖F,τ =
cλ∑
l
am,k,l
∑
l0,l1,l2∈Z≥0, l0−l1−l2∈2Z≥0
l1≤m2+k1−k4, l2≤m1−m2
l0≤2k1+k2+k3−|k2−l1|−|k3−l2|
am,k,lΓΩ
(
λ+
(
l0+l1+l2
2 ,
l0−l1−l2
2
)
− 8
)
ΓΩ
(
λ+
(
m1 +
l0+l1−l2
2 ,m2 +
l0−l1+l2
2
))
=
1∑
l
am,k,l
∑
l0,l1,l2∈Z≥0, l0−l1−l2∈2Z≥0
l1≤m2+k1−k4, l2≤m1−m2
l0≤2k1+k2+k3−|k2−l1|−|k3−l2|
am,k,l(λ)k(λ− 3)k(λ− 8) l0+l1+l2
2
(λ− 11) l0−l1−l2
2
(λ)
m1+
l0+l1−l2
2
(λ− 3)
m2+
l0−l1+l2
2
(λ− 4)k(λ− 7)k ,
using some non-negative numbers am,k,l. Now, since
l0 + l1 − l2 ≤2k1 + k2 + k3 − |k2 − l1| − |k3 − l2|+ l1 − l2
≤2k1 + 2k2 − (k2 − l1)− |k2 − l1|+ (k3 − l2)− |k3 − l2| ≤ 2(k1 + k2),
l0 − l1 + l2 ≤2k1 + k2 + k3 − |k2 − l1| − |k3 − l2| − l1 + l2
≤2k1 + 2k3 + (k2 − l1)− |k2 − l1| − (k3 − l2)− |k3 − l2| ≤ 2(k1 + k3),
we have
‖f‖λ,τ
‖f‖F,τ =
(λ)k(λ− 3)k(monic polynomial of degree 2k1 + k2 + k3)
(λ)m1+k1+k2(λ− 3)m2+k1+k3(λ− 4)k(λ− 7)k
,
and we have proved Proposition 5.8.
By k2 + k4 ≤ m2 and k3 ≤ m1 −m2, we have the inequality
m1 + k1 + k2 ≥ m2 + k1 + k3 ≥ k2 + k3 + k4 ≥ k4.
Thus the author conjectures the following.
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Conjecture 5.11. For f ∈ C− 3
4
(m1+m2)− k2
⊠V
[10](
m1+m2
2
+k1−k4,m1−m22 +k2,
m1−m2
2
,
m1−m2
2
,−m1−m2
2
+k3
),
the ratio of norms is given by
‖f‖2
λ,χ−k/2⊠τ
[10]
(k,0,0,0,0)
‖f‖2
F,χ−k/2⊠τ
[10]
(k,0,0,0,0)
=
(λ)k(λ− 3)k
(λ)m1+k1+k2(λ− 3)m2+k1+k3(λ− 4)k2+k3+k4(λ− 7)k4
=
1
(λ+ k)m1+k1+k2−k(λ+ k − 3)m2+k1+k3−k(λ− 4)k2+k3+k4(λ− 7)k4
.
6 Analytic continuation of holomorphic discrete series
In the previous sections, we calculated the norms of the holomorphic discrete series rep-
resentations. Using this, we see how the highest weight modules behave as the parameter
λ goes small, following the arguments in [6] and [18].
For example, when G = Sp(r,R) and V = V ∨ε1+···+εk with k = 0, 1, . . . , r − 1, by
Theorem 4.2, the norm ‖ · ‖λ,τ∨ε1+···+εk is written as
‖f‖2λ,τ∨ε1+···+εk =
∑
m∈Zr++
∑
k∈{0,1}r , |k|=k
m+k∈Zr+
∏k
j=1
(
λ− 12(j − 1)
)∏r
j=1
(
λ− 12(j − 1)
)
mj+kj
‖fm,k‖2F,τ∨ε1+···+εk
for λ > r, where fm,k is the orthogonal projection of f onto V
∨
2m+k. Then as in [7,
Theorem XIII.2.4], the reproducing kernel Kλ,τ∨ε1+···+εk
is written by the converging sum
Kλ,τ∨ε1+···+εk
(z, w) =
∑
m∈Zr++
∑
k∈{0,1}r , |k|=k
m+k∈Zr+
∏r
j=1
(
λ− 12(j − 1)
)
mj+kj∏k
j=1
(
λ− 12(j − 1)
) Km,k(z, w)
where Km,k(z, w) is the reproducing kernel of V
∨
2m+k with respect to the Fischer norm
‖ · ‖2F,τ∨ε1+···+εk . This is continued analytically for smaller λ, and by [7, Lemma XIII.2.6],
this is positive definite if and only if each coefficient is positive, that is,
λ ∈
{
k
2
,
k + 1
2
, . . . ,
r − 1
2
}
∪
(
r − 1
2
,∞
)
.
The positive definite function automatically becomes a reproducing kernel of some Hilbert
space Hλ(D,V ), and this Hλ(D,V ) gives the unitary representation of G˜. Conversely, if
there exists a unitary subrepresentation Hλ(D,V ) ⊂ O(D,V ) for some λ ∈ R, then its
reproducing kernel is automatically proportional to Kλ,τ∨ε1+···+εk
(z, w) by the arguments
in Section 3.1, and thus the above condition on λ is precisely the necessary and sufficient
condition for unitarizability. Using this idea, we get the following result.
Theorem 6.1. (1) When G = Sp(r,R) and V = V ∨ε1+···+εk with k = 0, 1, . . . , r − 1,
(τλ,O(D,V )), originally unitarizable when λ > r, contains a non-zero unitary sub-
module Hλ(D,V ) if and only if
λ ∈
{
k
2
,
k + 1
2
, . . . ,
r − 1
2
}
∪
(
r − 1
2
,∞
)
.
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(2) When G = SU(q, s) and V = C ⊠ V
(s)
k
with k ∈ Zr++ (kl 6= 0, kl+1 = 0, l =
0, . . . , s − 1), (τλ,O(D,V )), originally unitarizable when λ > q + s − 1, contains a
non-zero unitary submodule Hλ(D,V ) if and only if
λ ∈ {l, l + 1, . . . ,min{q + l, s} − 1} ∪ (min{q + l, s} − 1,∞).
(3) When G = SO∗(2s) and V = V ∨(k,0,...,0) with k = Z≥0, (τλ,O(D,V )), originally
unitarizable when λ > 2s − 3, contains a non-zero unitary submodule Hλ(D,V ) if
and only if
λ ∈
{{
0, 2, 4, . . . , 2
(⌊
s
2
⌋− 1)} ∪ (2 (⌊ s2⌋− 1) ,∞) (k = 0),{
2, 4, . . . , 2
(⌈
s
2
⌉− 1)} ∪ (2 (⌈ s2⌉− 1) ,∞) (k ≥ 1).
(4) When G = SO∗(2s) and V = V ∨(k/2,...,k/2,−k/2) with k = Z>0, (τλ,O(D,V )), origi-
nally unitarizable when λ > 2s−3, contains a non-zero unitary submodule Hλ(D,V )
if and only if
λ ∈ {s − 2} ∪ (s − 2,∞).
(5) When G = Spin0(2, n) and
V =
{
Ck ⊠ V(k,...,k,±k) (k = 12Z≥0) (n : even),
Ck ⊠ V(k,...,k,k) (k = 0,
1
2) (n : odd),
(τλ,O(D,V )), originally unitarizable when λ > n − 1, contains a non-zero unitary
submodule Hλ(D,V ) if and only if
λ ∈
{{
0, n−22
} ∪ (n−22 ,∞) (k = 0),{
n−2
2
} ∪ (n−22 ,∞) (k ≥ 12 ).
From the explicit norm computation, we can also determine completely when the
representation is reducible, and get some informations on the composition series, as in [6],
[18]. We denote the K-type decomposition of O(D,V )K = P(p+, V ) by
P(p+, V ) =
⊕
m
Wm,
and for f ∈Wm we denote the ratio of norms by ‖f‖2λ,τ/‖f‖2F,τ =: Rm(λ), so that
〈f, g〉λ,τ =
∑
m
Rm(λ)〈fm, gm〉F,τ .
If λ is not a pole for all Rm(λ), then the above sesquilinear form is well-defined, and non-
degenerate for our cases because the numerator of each Rm(λ) is one. From this we can
show (dτλ,P(p+, V )) is irreducible, because if P(p+, V ) has a proper submodule M , then
its orthogonal complementM⊥ also becomes a submodule, and bothM andM⊥ contain a
p+-invariant vector i.e. contain the minimal K-type V , which is a contradiction. We note
that in our cases the sesquilinear form is always definite on each K-isotypic component,
and thus M⊥ is precisely a complement vector space.
On the other hand, if λ is a pole for some Rm(λ), then (dτλ,P(p+, V )) is reducible.
In fact, for j ∈ N and λ ∈ R we define M˜j(λ) as the direct sum of Wm’s such that Rm(λ)
has a pole of order at most j at λ. Then the sesquilinear form
lim
λ′→λ
(λ′ − λ)j〈f, g〉λ′,τ (6.1)
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is (g,K)-invariant under the representation dτλ on M˜j(λ), which vanishes on M˜j−1(λ).
Thus Mj is a (g,K)-submodule of P(p+, V ). Clearly M˜j(λ)/M˜j−1(λ) is infinitesimally
unitary if the sesquilinear form (6.1) is definite. This gives the following theorem.
Theorem 6.2. (1) When G = Sp(r,R) and V = V ∨ε1+···+εk with k = 0, 1, . . . , r − 1, for
λ ∈ R and j = 1, 2, . . . , r, we define
Mj(λ) :=
⊕
mj+kj<
j
2
−λ+ 1
2
V ∨2m+k ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤ r−12 and λ ∈ 12Z. In this case
we have the sequence of submodules
{0} ⊂Ma(λ) ⊂Ma+2(λ) ⊂ · · · ⊂Mb(λ) ⊂ P(p+, V ),
where
a =

2λ+ 1 (k2 ≤ λ ≤ r−12 ),
2λ+ 3 (0 ≤ λ ≤ k−12 ),
1 (λ ≤ −12 , λ ∈ Z),
2 (λ ≤ −12 , λ ∈ Z+ 12),
b =
{
r − 1 (2λ ≡ r mod 2),
r (2λ 6≡ r mod 2).
M2λ+1(λ) (λ =
k
2 ,
k+1
2 , . . . ,
r−1
2 ) and P(p+, V )/Mr(λ) (λ ≤ r−12 , 2λ 6≡ r mod 2) are
infinitesimally unitary.
(2) When G = SU(q, s) and V = C⊠ V
(s)
k
with k ∈ Zr++, for λ ∈ R and j = 1, 2, . . . , s,
we define
Mj(λ) :=
⊕
nj<j−λ
cnk,mV
(q)∨
m ⊠ V
(s)
n ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤ min{q + l, s} − 1, λ ∈ Z and
there is no j = q + 1, . . . , s such that λ = j − kj = j − kj−q+1 holds. In this case we
have the sequence of submodules
{0} ⊂Ma(λ) ⊂Ma+1(λ) ⊂ · · · ⊂Mb(λ) ⊂ P(p+, V ),
where
a =
{
j + 1 (j − kj ≤ λ ≤ j − kj+1) (1 ≤ j ≤ min{q + l, s} − 1),
1 (λ ≤ −k1),
and b = s if q ≥ s,
b =

min{q + l, s} (min{q + l, s} − kmin{l,s−q} ≤ λ ≤ min{q + l, s} − 1),
j (j − kj−q ≤ λ ≤ j − kj−q+1) (q + 1 ≤ j ≤ min{q + l, s} − 1),
q (λ ≤ q − k1)
if q < s.
If q ≥ s or k = 0, thenMλ+1(λ) (λ = l, l+1, . . . ,min{q, s}−1) and P(p+, V )/Mmin{q,s}(λ)
(λ ≤ min{q, s} − 1, λ ∈ Z) are infinitesimally unitary.
If q < s and k 6= 0, then Mλ+1(λ) (λ = l, l + 1, . . . ,min{q + l, s} − 1) and
P(p+, V )/Mmin{q+l,s}(λ) (min{q+ l, s} − kmin{l,s−q} ≤ λ ≤ min{q+ l, s}− 1, λ ∈ Z)
are infinitesimally unitary.
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(3) When G = SO∗(4r) and V = V ∨(k,0,...,0) with k = Z≥0, for λ ∈ R and j = 1, 2, . . . , r,
we define
Mj(λ) :=
⊕
mj+kj<2j−λ−1
V ∨(m1+k1,m1,...,mr+kr ,mr) ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤ 2r − 2 and λ ∈ Z. In this case
we have the sequence of submodules
{0} ⊂Ma(λ) ⊂Ma+1(λ) ⊂ · · · ⊂Mr(λ) ⊂ P(p+, V ),
where
a =

⌈
λ
2
⌉
+ 1 (3 ≤ λ ≤ 2r − 2),
2 (−k + 1 ≤ λ ≤ 2),
1 (λ ≤ −k).
Mλ
2
+1(λ) (λ = 2, 4, . . . , 2r − 2 if k ≥ 1, λ = 0, 2, . . . , 2r − 2 if k = 0) and
P(p+, V )/Mr(λ) (λ ≤ 2r − 2, λ ∈ Z) are infinitesimally unitary.
(4) When G = SO∗(4r) and V = V ∨(k/2,...,k/2,−k/2) with k = Z>0, for λ ∈ R and j =
1, 2, . . . , r, we define
Mj(λ) :=
⊕
mj−kj+k<2j−λ−1
V ∨(m1,m1−k1,...,mr ,mr−kr)+(k/2,...,k/2) ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤ 2r − 2 and λ ∈ Z. In this case
we have the sequence of submodules
{0} ⊂Ma(λ) ⊂Ma+1(λ) ⊂ · · · ⊂Mr(λ) ⊂ P(p+, V ),
where
a =

r (2r − 3− k ≤ λ ≤ 2r − 2),⌈
λ+k
2
⌉
+ 1 (−k + 1 ≤ λ ≤ 2r − 4− k),
1 (λ ≤ −k).
Mr(2r − 2) and P(p+, V )/Mr(λ) (λ ≤ 2r − 2, λ ∈ Z) are infinitesimally unitary.
(5) When G = SO∗(4r + 2) and V = V ∨(k,0,...,0) with k = Z≥0, for λ ∈ R and j =
1, 2, . . . , r + 1, we define
Mj(λ) :=
⊕
mj+kj<2j−λ−1
V ∨(m1+k1,m1,...,mr+kr,mr) ⊂ P(p+, V ) (j = 1, . . . , r),
Mr+1(λ) :=
⊕
kr+1<2r−λ+1
V ∨(m1+k1,m1,...,mr+kr,mr) ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤
{
2r (k ≥ 1)
2r − 2 (k = 0) , λ ∈ Z and
(r, λ) 6= (1,−k + 1). In this case we have the sequence of submodules
{0} ⊂Ma(λ) ⊂Ma+1(λ) ⊂ · · · ⊂Mb(λ) ⊂ P(p+, V ),
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where
a =

⌈
λ
2
⌉
+ 1 (3 ≤ λ ≤ 2r),
2 (−k + 1 ≤ λ ≤ 2),
1 (λ ≤ −k),
b =
{
r + 1 (2r + 1− k ≤ λ ≤ 2r),
r (λ ≤ 2r − k).
If k = 0, then Mλ
2
+1(λ) (λ = 0, 2, . . . , 2r− 2) and P(p+, V )/Mr(λ) (λ ≤ 2r− 2, λ ∈
Z) are infinitesimally unitary.
If k ≥ 1, then Mλ
2
+1(λ) (λ = 2, 4, . . . , 2r) and P(p+, V )/Mr+1(λ) (2r +1− k ≤ λ ≤
2r, λ ∈ Z) are infinitesimally unitary.
(6) When G = SO∗(4r + 2) and V = V ∨(k/2,...,k/2,−k/2) with k = Z>0, for λ ∈ R and
j = 1, 2, . . . , r + 1, we define
Mj(λ) :=
⊕
mj−kj+k<2j−λ−1
V ∨(m1,m1−k1,...,mr ,mr−kr)+(k/2,...,k/2) ⊂ P(p+, V ) (j = 1, . . . , r),
Mr+1(λ) :=
⊕
k−kr+1<2r−λ
V ∨(m1,m1−k1,...,mr ,mr−kr)+(k/2,...,k/2) ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤ 2r−1, λ ∈ Z and λ 6= 2r−k−1.
In this case we have the sequence of submodules
{0} ⊂Ma(λ) ⊂Ma+1(λ) ⊂ · · · ⊂Mb(λ) ⊂ P(p+, V ),
where
(a, b) =

(r + 1, r + 1) (2r − k ≤ λ ≤ 2r − 1),
(
⌈
λ+k
2
⌉
+ 1, r) (−k + 1 ≤ λ ≤ 2r − 2− k),
(1, r) (λ ≤ −k).
Mr+1(2r−1) and P(p+, V )/Mr+1(λ) (2r−k ≤ λ ≤ 2r−1, λ ∈ Z) are infinitesimally
unitary.
(7) When G = Spin0(2, 2s) and V = Ck ⊠ V(k,...,k,±k) with k = 12Z≥0, for λ ∈ R and
j = 1, 2, we define
M1(λ) :=
⊕
m1+k+l<1−λ
Cm1+m2+k ⊠ V(m1−m2+l,k,...,k,±l) ⊂ P(p+, V ),
M2(λ) :=
⊕
m2+k−l<n2−λ
Cm1+m2+k ⊠ V(m1−m2+l,k,...,k,±l) ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤ s− 1 and λ ∈ Z. In this case we
have the sequence of submodules
{0} ⊂M2(λ) ⊂ P(p+, V ) (1− 2k ≤ λ ≤ s− 1),
{0} ⊂M1(λ) ⊂M2(λ) ⊂ P(p+, V ) (λ ≤ −2k).
M2(s − 1), M1(0) (only when k = 0), and P(p+, V )/M2(λ) (λ ≤ s − 1, λ ∈ Z) are
infinitesimally unitary.
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(8) When G = Spin0(2, 2s + 1) and V = Ck ⊠ V(k,...,k) with k = 0,
1
2 , for λ ∈ R and
j = 1, 2, we define
M1(λ) :=
⊕
m1+k+l<1−λ
Cm1+m2+k ⊠ V(m1−m2+l,k,...,k,|l|) ⊂ P(p+, V ),
M2(λ) :=
⊕
m2+k−l<n2−λ
Cm1+m2+k ⊠ V(m1−m2+l,k,...,k,|l|) ⊂ P(p+, V ).
Then (dτλ,P(p+, V )) is reducible if and only if λ ≤ s− 12 and λ ∈ Z+ 12 , or λ ≤ −2k
and λ ∈ Z. In this case we have the sequence of submodules
{0} ⊂M2(λ) ⊂ P(p+, V ) (λ ≤ s− 1
2
, λ ∈ Z+ 1
2
),
{0} ⊂M1(λ) ⊂ P(p+, V ) (λ ≤ −2k, λ ∈ Z).
M2(s− 12), M1(0) (only when k = 0), and P(p+, V )/M2(λ) (λ ≤ s − 12 , λ ∈ Z+ 12 )
are infinitesimally unitary.
By [15, Lemma 4.8], we can determine the associated variety of each subquotient
module by comparing the asymptotic K-support of each subquotient module and (2.3).
In fact, we have
Vg(Ml+1(λ)/Ml (or l−1)(λ)) =
{
Ol (l = 0, 1, . . . , r − 1),
Or = p+ (l ≥ r),
Vg(P(p+, V )/Mb (or r)(λ)) = Or = p+,
where we set M0(λ) = M−1(λ) = {0}, Ol are defined in (2.2), and r = rankRG. These
and (2.4) give the Gelfand-Kirillov dimension of each subquotient module.
DIM(Ml+1(λ)/Ml (or l−1)(λ)) =
{
l + 12 l(2r − l − 1)d + lb (l = 0, 1, . . . , r − 1),
r + 12r(r − 1)d+ rb = n (l ≥ r),
DIM(P(p+, V )/Mb (or r)(λ)) = r +
1
2
r(r − 1)d+ rb = n.
Also, we can show that the smallest submodule Ma(λ) is irreducible in any case, by
the same argument for the irreducibility of P(p+, V ) for λ generic case. However, we
cannot determine whether the other subquotient modules are irreducible or not, by the
norm computation, and we need some other techniques to determine the full composition
series, such as the techniques used in e.g. [17], [21], [22], or [1].
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